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CHAPTER I. INTRODUCTION 
"Economists, more than any other scientists, have been 
concerned with the nature of production functions." This 
statement is attributed to Heady in his treatise "Economics of 
Agricultural Production and Resource Use" which was published 
in 1952. One may wonder what are the reasons for economists' 
concern about the production function, and what is the rationale 
of a statement like this; especially if we realize that the pro­
duction function is a physical phenomenon. Again, Heady's 
words will be borrowed to answer these questions (41, pp. 54-
55) . 
"The answer is obvious, while the input-output 
relationship per se is a technological consideration, 
its specific nature has many economic implications. 
Besides, it is doubtful whether a fine line can or 
should be drawn either within or between the various 
physical and social sciences. ...Although economics 
deals quite largely with the maximization (profit, 
national product) or the minimization (cost, resource 
outlay) of quantities important in the value framework 
of individuals, communities and nations, there is no 
manner in which these [Economic] principles and logic 
can be put into application unless knowledge of pro­
duction possibilities is available on the one hand, 
while knowledge of prices...is available on the other 
hand." 
Indeed, Heady's school of agricultural production economics 
has been established since 1952, and the most elaborate input-
output studies in the last two decades were inspired by Heady's 
thoughts. Most of these studies have employed experimental 
procedures in deriving agricultural production functions for 
different field crops and various kinds of livestock and poultry 
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on a technical unit basis. Such studies have been carried out 
cooperatively by economists, statisticians, agronomists, 
nutritionists and animal scientists at Iowa State University. 
They have gained international recognition and have enriched 
economic literature. As a result, another treatise entitled 
"Agricultural Production Function" was published by Heady and 
Dillon (47) just one year before the publication of Johnson's 
article (67) which celebrated the tenth anniversary of the 
publication of Heady's first book. 
It is worth noting that when the author of this thesis 
came from the U.A.R. (Egypt) to join an American University, 
the decision was already made that he should seek admission to 
Iowa State University to join Heady's school of agricultural 
production economics. Therefore, it is not a coincidence that 
this dissertation is concerned with problems related to the 
production function concept. 
The primary objectives of the present study are to demon­
strate the following: how to generate broiler input-output 
data from feeding experimentations; how to derive production 
functions from the data; how to overcome the related problems 
of statistical estimations; and how to apply economic principles 
to the derived functional relationship. This study is largely 
more integrative than innovative. It is a humble attempt to 
fit the economic problem of feeding and growing commercial 
broilers into a consistent picture via integrating the produc­
tion function concept with some methodological estimation 
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problems by exploring alternative estimation procedures and 
then by integrating the estimated production function with 
different price situations and programming models in order to 
specify optimal broiler rations. 
This study was designed (1) to present a methodological 
investigation which provides alternative estimation procedures 
for broiler production functions and the consequences of the 
implementation of these alternative procedures within the 
specification of the least cost feed combinations; (2) to pro­
vide information useful to the commercial broiler producers, 
commercial feed establishments and program administrators for 
decisions and management choices related to efficient broiler 
production. 
It is hoped that the methodological phases can be used as 
a guide in production function research dealing with other 
kinds of feed and classes of poultry and livestock. 
General Background 
The ability of broilers to adapt to most areas of the 
world, the rapid growth rate of broilers, the high efficiency 
in utilizing feed, the short period of time necessary and the 
limited space required for the growing-out operation make 
broilers an ideal starting point for a beginning animal agri-' 
culture and a rich source of human food for under-developed as 
well as developed nations. It is estimated that chicken 
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appears in the diet of more people throughout the world as a 
source of meat than the meat from any other animal. With the 
exception of the philosophy of the strict vegetarians, there 
are few, if any, social or religious stigmas attached to the 
consumption of broilers' meat. 
In the United States the broiler industry is one of the 
most dynamic and rapidly progressive sectors of the American 
agriculture. Since World War II the explosive nature of 
technological changes and the rapid pace of institutional 
adjustments have brought about what might be called "the 
broiler revolution". Broiler production is no longer a 
seasonal delicacy nor a by-product of laying-hen flocks raised 
on the family farm. It has become a year-round highly 
specialized, commercialized and integrated enterprise with 
portions of the enterprise set in factories. 
The annual broiler producers output in the United States 
has been expanding each year since 1934, except for slight 
contractions in 1944 and 1946. The total number of commercial 
broilers has increased from 24 million in 1934 to more than 
2.5 billion in 196 8. The total broilers liveweight was 9 7 
million in 1934 and reached 9,338 million in 1967 (11]). This 
dramatic output expansion was due to the intensive application 
of (cost reducing) technological innovations and the gains from 
economics of scales and coordination. 
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However, the broiler producer has been operating under 
changing conditions which have squeezed his profit margin per 
broiler. While the average price per liveweight pound of 
broiler has been decreasing, the production variable costs have 
been increasing, especially in the past five years. 
The highest average price received by broiler growers on 
the farm level was 36 cents per liveweight pound in 1948. But 
since then the broilers price on the farm level has shown a 
strong downward trend until it reached 13.3 cents per pound in 
1967. On the other hand, the change in production costs could 
be indicated by examining the costs of feeds and broiler-type 
chicks since they comprise about 80-90% of the total production 
costs of the growing out operation. 
During the ten years between 1948-1957, the feed and chick 
cost index per liveweight pound of broiler (1957-1959 = 100) 
showed a reduction of 43% from 152 in 1948 to 109 in 1957. The 
falling trend of the cost index continued in 1957-1962, reaching 
84% and showing a decline of 25%. But since 1962 up to the 
present date, an average rise of 5% per year in the cost index 
took place because of the increasing prices of feed. 
Recently, the economic analysis of broiler production has 
received considerable attention from agricultural economists, 
such as Heady and his associates at Iowa State University, 1955 
(44), Hansen and Mighell, 1956 (38), Brown and Arscott, 1958 
(16), Winder and Trant, 1961 (118), Hoepner and Fruend, 1964 
(60) and others. 
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In 1965, the most complete and penetrating discussion to 
date of problems in the area of input-output relations in 
poultry production was provided by Heady et (45) . 
Professor Heady pointed out that production function is 
the key tool to the understanding of the economic aspects of 
the poultry production process. The following quotation is 
taken from one of his recent articles (40) published in 1968: 
"The rapid commercialization and specialization of the 
poultry industry give an opportunity for the important 
application of economic procedures for specifying 
optimal plans and investments. Some economic models 
have been applied in formulating patent feed for use 
in the poultry industry, but they have had little 
application in the poultry production process. The 
future will certainly lead to their widespread 
application in poultry production, which is the most 
sophisticated of all agriculture enterprises. 
Optimally, for these purposes, production functions 
mus t be derived." 
Scope and Plan of the Study 
In general, the scope of this study could be classified 
into three main areas: 
1. Application of alternative procedures for estimating 
broiler production function from a feeding experiment conducted 
at Iowa State University in 1968; 
2. Specification of the economic optima in broiler pro­
duction through the application of classical marginal analysis 
and quadratic programming; 
3. Comparison between the outcomes of this recent experi­
ment with a similar experiment conducted at the same institution 
in 1955. 
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The first area is a typical problem area for statistical 
estimation of experimental livestock production functions. Any 
researcher who is interested in this area should make certain 
decisions with respect to the choice of input factors to be 
included in the study, the mathematical form(s) to be considered 
in fitting the production function, the experimental design and 
the method of data collection to be followed and, finally, the 
statistical estimation procedure to be applied. 
Despite the fact that the present study is mainly concerned 
with broilers, an attempt is made to explore the outcomes of 
some selected alternative procedures related to the production 
function estimation problem. Of course, because of the limita­
tions of research resources, one can by no means expect this 
study to answer all the questions involved. Thus, the problem 
of estimating broiler production function is delineated to the 
following dimensions: a) two feed variables are considered in 
estimating the experimental broiler gain surface; b) two 
physical relationships are used alternatively in deriving the 
production surface - the first expresses liveweight gain 
response as a function of variable quantities of corn and soy­
bean and the other expresses the same phenomenon as a function 
of variable quantities of metabolizable energy and crude pro­
tein; c) the choice of the conventional quadratic function is 
made with the understanding that, in case of the failure of the 
quadratic form to present adequately the experimental data, an 
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attempt would be made to graft the quadratic function to 
increase its degree of approximation of the data; d) the common 
type of livestock feeding experiments characterized by ad 
libitum pen feeding is followed, where each pen is fed a single 
fixed proportional ration throughout the course of the experi­
ment and where, however, emphasis is on overcoming the problems 
of autocorrelation and random variables which are directly 
related to the application of the least squares method; thus, 
two alternative procedures are used in collecting the relevant 
observations, namely, the fixed feed approach where auto­
correlation is the only pertinent problem to estimation and the 
fixed time approach where both problems of autocorrelation and 
random variables are encountered simultaneously; e) the split-
plot model is used to serve as a guide in searching for suitable 
transformation of the original data and in providing for the 
lack of fit test to evaluate the adequacy of the conventional 
quadratic as well as the grafted quadratic in fitting the pro­
duction gain surface. 
The first area is related to the empirical estimation of 
the production function. As Heady and Dillon (47, p. 254) 
stated: 
"The estimation of production functions is not an end 
in itself. They simply provide the framework through 
which input-output relations may be evaluated in 
economic terms." 
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The second area deals with the application of economic 
analysis to the process of broiler production, given that a 
reliable estimate of the production function can be derived. 
While the review of literature and the theoretical framework 
cover a broad spectrum of different optimizing criteria for the 
single flock broiler producer as well as the continuous pro­
duction operator, the empirical part of the present study will 
be limited to the specification of the least cost feed mix 
through the derivation of isoquants, marginal rates of substi­
tution, isocline equations and the application of quadratic 
programming. 
The third area is merely an attempt to provide a rough 
indication of the achieved progress in feeding efficiency 
mainly attributed to the advancements in breeding recent 
strains of broilers. Despite the minor discrepancies that 
exist in the nutritional composition of the two experiments 
under investigation, a comparison between them is still meaning­
ful. In fact, it is a step forward relative to previous 
studies investigating the progress, or the gain in feed con­
version that occurred over the past decades, by comparing feed 
units required to produce one pound of broiler where each unit 
is equivalent to the nutritive value of one pound of corn. 
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Objectives 
The specific objectives of the research reported in this 
thesis are: 
1. To generate input-output data necessary for deriving 
a reliable estimate of the experimental broiler production 
function; 
2. To demonstrate the necessary steps required for data 
adjustments in order to overcome the problems encountered in 
regression analysis due to the existence of autocorrelation and 
random variables; 
3. To compare the results of the alternate expression of 
the gain surface in terms of corn and soybean inputs or crude 
protein and metabolizable energy intakes before and after 
making the necessary adjustments, for the presence of auto­
correlation and/or random variables in carrying out the 
regression analysis; 
4. To test the adequacy of the conventional quadratic 
function in approximating the data; 
5. To use the estimated production functions in deriving 
the gain isoguants, and hence, to investigate the corn-soybean 
as well as the protein-energy substitution relationships when 
meat output is constant; 
6. To estimate the magnitude of the shifts of the 
isoquants (isogain contours) and the total feed-cost of a 
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broiler to produce certain levels oif liveweight on the basis 
of the findings of the 1968 experiment in relation to those of 
the 1955 experiment; and, 
7. To illustrate how the specification of the least-cost 
combinations could be extended from the two feed-stuff case to 
the multiple feed-stuff case through the application of quad­
ratic programming. 
Organization of the Remainder of the Thesis 
A survey of the general scheme of previous research done 
in the area of economics of broiler production and selected 
livestock production function studies is presented in the next 
chapter. Chapter III serves as a theoretical frame work for 
the statistical estimation problems involved in deriving experi­
mental production functions and the analytical economic models 
pertinent to broiler production process. Chapter IV includes a 
description of the data used, statistical procedures followed, 
and the empirically derived production functions estimates. 
Economic implications, economic quantities derived from the 
estimated functions, and the format as well as the results of 
the quadratic programming are presented in Chapter V. Summary 
and conclusions are presented in Chapter VI. 
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CHAPTER II. REVIEW OF LITERATURE 
Over the last forty years, a considerable amount of knowl­
edge has been accumulated in the field of animal feeding in 
general and poultry feeding in particular. Technical research 
in the field of poultry nutrition has produced valuable applied 
studies related to the specifications of basic nutritional 
requirements, feed standards and feed conversion ratios. Such 
studies have immensely added to the improvement in broiler feed 
efficiency already achieved through breeding. However, in 
providing guides and making recommendations to farmers, in the 
form of feeding manuals, biological scientists gave little 
attention to the economic considerations of feeding due to the 
lack of a clear distinction between physical efficiency and 
economic efficiency. 
Economists, on the other hand, have long been concerned 
about determining the optimum feeding program for meat produc­
tion. Early agricultural economists established the theoretical 
framework for the applications of production function concepts. 
They realized that these concepts were quite relevant to live­
stock feeding problems; yet, in carrying out their empirical 
investigations, they frequently waited until the biological 
scientists—who were working independently—provided the input-
output data necessary for quantitative economic analysis. It 
is only since the early fifties that well deserved mutual 
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interest has been shown by animal nutritionists and agricultur­
al economists in carrying out cooperative studies to seek more 
knowledge about the nature of livestock and poultry production 
functions. 
As early as 1923, Spillman (9?) published a classical 
article in the "Journal of Farm Economics" demonstrating the 
application of the law of diminishing returns to some feed and 
fertilizer data. He proposed the use of an exponential equation 
similar to the ordinary formula for the sum of a decreasing 
geometric series and illustrated how to solve for the optimum 
rate of crop fertilizations per acre in order to maximize 
profit. The algebraic form of the Spillman production function 
is expressed as: Y = M - AR^, 
where: Y represents the total body liveweight of the animal 
corresponding to X units of feed consumption, 
M is the maximum total weight at maturity, 
A is a constant, and 
R is the ratio of the successive gain increments in 
weight for any two successive units of feed. 
Spillman used some experimental data on fattening hogs and 
feeding steers that was already available, though not specif­
ically designed for fitting his proposed function. The results 
of the steer data showed that the deviation of the original 
observations from that calculated from the fitted function were 
slightly more than one percent when compared to their respective 
predicted values. 
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According to Jull and Titus (74), no experimental work 
had been done before 1925 to determine precisely the relation­
ship between growth and feed consumption in the domestic fowl. 
They conducted a pioneering experiment to test the hypothesis 
of the law of diminishing increments in the case of growing 
chickens. A crossbreed of Barred Plymouth Rock females and 
Rhode Island Red males was used to facilitate sexing at hatching 
time. A total of 172 chicks was assigned equally to four pens, 
with two pens for each sex. Biweekly observations on live-
weight and feed consultation per pen were obtained during the 24 
weeks period of the experiment. However, only the observations 
collected after the eighth week were used in fitting the 
Spillman function for each sex separately. Jull and Titus con­
cluded that this equation did provide a fairly accurate means 
of expressing the liveweight response of growing chickens as a 
function of feed intake during the last 16 weeks of their 
feeding trial. They argued that (M) and (A) might be considered 
as empirical constants, and found out that the average estimated 
value of the (R) ratio was approximately 0.92. 
In 1928, the results of a similar feeding experiment on 
White Peking ducks published by Titus (106) were consistent with 
Jull and Titus' findings of the chicken experiment. Although 
the results of both experiments were encouraging, some doubts 
remained concerning the accuracy of the iterative procedure 
used in estimating the three parameters of the Spillman func­
tion. To overcome this problem, Hendricks (53) introduced, in 
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1931, a shorter and more accurate method of estimating the 
three parameters of a slightly modified form of the Spillman 
function by using simple linear regression where the incre­
mental weight-feed ratio (average marginal productivity of 
AY feed was considered the dependent variable and the total 
weight (Y) the independent variable. 
In the same year, Hendricks et (54) presented a 
rational physiological explanation for the decreasing marginal 
productivity of successive units of feed. They argued that 
chickens' weight-feed relationship could be expressed by a 
linear function—hence the marginal product of feed would be 
constant—only under the assumption that the entire quantity of 
feed consumption is incorporated into the body tissues of the 
birds. But this by no means is the case, because a part of 
feed consumption is utilized for maintenance which might be 
looked at as a negative liveweight gain. To them, this part is 
responsible for decreasing the marginal product since it is 
proportional to the body weight of the chicken. 
Three years later, in 1934, Titus et al. (106) published 
the results of a large scale chicken feeding experiment con­
ducted with the objectives of refining the estimation of the 
Spillman function and the examination of the effect of sex and 
sub ^  libitum feeding levels on liveweight. The experiment 
was carried out at the U.S. Animal Husbandry Experimental Farm, 
Beltsville, Maryland, and was extended for one year.- Seven 
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pens of each sex were assigned to different feeding levels 
with a total of 14 pens and 560 chicks. A Spillman function 
was fitted for each pen using weekly observations on weight and 
feed consumption. Better fits of the functions were obtained 
and the feed intake level which was to be equal to 70 percent 
of the ad libitum level was recommended, since the estimated 
Spillman ratio at this level was very close to the ratios 
obtained for higher levels. It was also concluded that the 
males were, in general, more efficient than the females with 
regard to feed utilization. 
It is rather surprising that for the following 16 years 
the findings of these early stimulating investigations of the 
chickens' production function were completely ignored by 
economists as well as poultry scientists. On the one hand, no 
attempt was made to develop the economic implications of fairly 
accurate technical information available in a period where the 
broiler industry was identified as a commercial enterprise. On 
the other hand, poultry nutritionists such as Tomhave, 1938 
(108), Hess et ^ . , 1941 (56), Glassner and Jull, 1946 (30) and 
others designed their poultry feeding experiments on the 
assumption that they were dealing with a discrete phenomena 
wherein few rations of different protein levels were fed to the 
broilers. Interpolations between levels were not allowed, 
since each ration merely provided point estimates of the body 
liveweight and was thus considered a discrete situation. 
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Consequently/ they relied heavily on the analysis of variance 
technique in their statistical interpretations. The following 
conclusion drawn by Tomhave (108) provides a typical example 
reporting the findings of poultry feeding experiments under­
taken in this period: 
The feed required to produce a pound of (broiler 
liveweight) gain for the 11 week period was 3.60 
(pounds) for 20 percent (protein) level/ 3.69 for the 
22 percent level and 3.78 pounds for the 16 percent 
level; the difference was not great to be significant. 
In general, such findings served as a guide for poultry 
research workers in making their recommendations of feed 
formulations to farmers. These recommendations were frequently 
based on physical criteria such as the largest rate of growth 
or the highest average productivity per pound of feed and they 
were mainly concerned with specifications of the minimum pro­
tein level above which higher levels do not produce significant 
gain differences. 
During the forties, three important livestock production 
function studies were conducted with the objective of incorpo­
rating basic economic concepts to input-output data related to 
milk/ pork and beef production. The first study was the result 
of an extensive project carried out over three years at ten 
agricultural experiment stations of the land grant colleges in 
cooperation with the Bureau of Agricultural Economics and the 
Bureau of Dairy Industry. The project was specifically planned 
to provide the necessary experimental data for the estimation 
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of the milk production function per cow. A joint team of 
agricultural economists and dairy scientists made the investi­
gation and the results were published by Jensen et al. (66) in 
1942. The collected data was classified into four groups and 
from these, four single-variable Spillman functions were 
estimated. Milk output was standardized in terms of four per­
cent fat corrected milk and feed intake converted into pounds 
of total digestible nutrients (T. D. N. units). Economic 
applications included the derivation of marginal feed produc­
tivities, the specifications of optimum feeding levels and the 
construction of price charts for cows of different producing 
capacities. It was also indicated how the feeding rates per 
cow deviate from the Haecker and Morrison Standards in order to 
maximize profit under different grain and milk price situations. 
The second study dealt with optimum feed consumption and 
marketing weights of hogs. In 1946, Atkinson and Klein (4) 
used the least squares procedure in estimating pork production 
function per hog. The investigation was based on 12 experiments 
involving 813 hogs. However, these swine feeding trials were 
originally designed for purposes other than formal production 
function analysis and were undertaken at five state colleges 
in the Corn Belt. Twelve Spillman functions for aggregated 
feed concentrates were fitted for each experiment separately, 
then weighted averages of the estimated parameters were computed 
to derive an average function which was used for the purpose of 
p/ofit maximization. 
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Inspired by the food shortage facing the nation during 
World War II, Nelson (83) investigated the physical relation­
ship between steers' liveweight as well as dressed body weight 
response to feed intake; this third study was mainly concerned 
with maximizing the total output of beef production in relation 
to feed consumption expressed in T. D. N. units. The data were 
taken from a three-year series of feeding experiments conducted 
at Iowa agriculture experiment station during the period 1925-
1928 for other purposes in mind. The estimation procedure was 
quite similar to that used in Jensen's milk study. 
The findings of the above studies and the rapid rate of 
growth of the broiler industry induced more work in the field 
of poultry input-output relationships. As a result economists 
became interested and involved in studying broiler production 
function. 
During the early fifties, Baum and Walkup (8, 9) Johnson 
et al. (70), Judge and Fellows (72), and Card and Scott (17), 
emphasized that more consideration should be given to economic 
criteria in conducting further research related to efficient 
poultry meat production. They pointed out the need for 
systematic input-output data. They stressed the usefulness of 
marginal analysis and the estimation of production function in 
providing a frame of reference for making recommendations 
related to the determinations of the optimum feed and marketing 
weights for broilers. The theme of these publications centered 
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aroxind the law of diminishing returns and the notion that 
profit per bird would be maximized at the point where marginal 
cost equal marginal revenue. Some of the treatments were 
completely conceptual ( 8), while others used some existing 
experimental data in a tabular or graphical form as illustra­
tive examples. However, Judge and Fellows extended the treat­
ment of economic choices involved in broiler productions. They 
used some available weight-feed data compiled during a period 
of 15 weeks from broiler feeding trials conducted at 
Connecticut in 1952. Three single input quadratic functions 
were estimated independently for cockrels, pullets and straight 
run broilers. Other functions of the same algebraic form were 
fitted to a different set of experimental data obtained in 1949 
when broilers were fed high energy rations with and without 
antibiotics and vitamin The results of the analysis showed 
the effect of the choice of sex on the profitability of broiler 
production. Although different sex groups yielded losses 
before the age of nine weeks and profit thereafter, males were 
ranked first, straight run second, and females third, according 
to their net returns per bird. The most profitable marketing 
age was found to be 13 weeks for male birds and 12 weeks for 
both females and straight run groups under the assumed prices 
of 28 cents and 53 cents per pound of broiler and feed respec­
tively. It was also concluded that net returns were higher for 
the rations that contained antibiotics. It could be safely 
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said that the available poultry input-output data that existed 
during the forties and the early fifties were unfit to yield 
reliable and meaningful answers to economic problems for which 
they were not specifically designed, namely, the estimation of 
multivariable production surfaces, the substitution of cheaper 
feed stuffs for more expensive ones, the derivations of pro­
ductivity coefficients for various feed categories and a host 
of other problems. 
The lack of the appropriate form of the input-output data 
sought by economists inspired professor Heady and his colleagues 
at Iowa State University to initiate (in the early fifties) 
several interdisciplinary cooperative projects between the 
departments of economics and animal husbandry. It was fully 
realized that technical experimentations should be directed and 
designed to provide the kind of input-output data required for 
solving the economic maxima or minima for various production 
processes which are essentially biological in character. 
Accordingly, these projects were conducted jointly by agri­
cultural economists, poultry nutritionists and animal scientists 
in order to integrate the principles of production economics 
with biological and physical aspects in exploring the nature of 
the feed response surfaces of hogs (52), dairy cattle (51), 
broilers (44), and turkeys (43) . Since the methodological and 
analytical procedure of this complex of studies is a major 
common factor, this review will be focused on the poultry 
studies with few remarks on the hog analysis. 
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Two publications by Heady et (42, 46) were based on a 
dry-lot feeding experiment for growing and finishing hogs. It 
is worth while to mention that this study was the first'inves­
tigation which extended the scope of livestock response 
analysis, in general, by fitting various algebraic forms to the 
gain response of two feed input categories. This allows the 
derivation of important economic concepts such as the marginal 
rates of substitutions, isoquants, isoclines, expansion paths 
and ridge lines. Two other significant contributions of this 
study are the inclusion of time as a relevant factor to various 
feeding systems, and the development of a simple device called 
the "pork costulator". This mechanical aid enables any farmer 
who can read to specify the least cost protein-carbohydrate 
rations as well as the least time rations for marketing hogs of 
given weight under a particular pork-feed price ratio. It is a 
stimulating example which shows how econometric quantitative 
solutions could be presented, in a simplified manner, to farmers 
who lack the knowledge of intricate economic models. The 
development of the "pork costulator" stimulated Fellows as cited 
in Johnson (67) to introduce a similar device deisgned to help 
the broiler producers in computing the most profitable weight, 
age, and feed requirements as well as net returns per bird. 
In 1956, Heady et (44) published the results of the 
first interdisciplinary experiment designed to derive formal 
and systematic broiler input-output data. The experiment 
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included 600 New Hampshire chicks raised from the hatching 
time up to the age of 11 weeks. The chicks were randomly 
allocated to 30 pens with ten males and ten females per pen. 
The birds were fed on six rations of different crude protein 
levels: 16, 18, 20, 22, 24 and 26 percent. A single protein 
level was fed to two pens (within a group of 12 pens) through­
out the feeding period. The other 18 pens were switched to at 
least one lower protein level from the weight level of 1.32 
pounds per bird until the termination of the experiment. 
Average weekly observations on weight and feed consumption per 
bird were used in estimating the gain response as a function of 
corn and soybean oil meal consumptions. However, the rations 
were fortified by other feed supplements and the original 
observations were recorded for each pen of birds. The study 
recognized the existence of the problem of autocorrelation due 
to the fact that while cumulative weight observations between 
pens of birds were independent, successive observations on the 
same pen were related over time. It was believed that this 
problem would merely affect the degrees of freedom of the t and 
F tests of the regression equation, hence the number of pens 
were regarded as the effective number of degrees of freedom 
(this point will be discussed in detail later). 
'Various mathematical forms of production functions were 
estimated (e.g. quadratic, square root, and Cobb-Douglas 
functions). While the quadratic equation was acceptable over 
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other functions, both the quadratic and the power functions 
were used in specifying the least cost rations and the most 
profitable weight. A square root time function was also 
estimated to derive the least-time rations. Then the results 
of the economic applications were presented in the form of 
price maps for practical use by farmers. The proper sequence 
in considering ration costs, marketing weight and age was 
stated in the following order: the least cost ration should be 
selected first, then the most profitable marketing weight should 
be determined; next, the time interval involved should be 
examined; and, after taking the prospects for prices into con­
sideration, a decision should be made to determine whether or 
not adjustments in the feeding plans are necessary. 
The analysis also indicated that the choice of rations 
would affect the rate of gain and hence the time needed to 
reach the optimum marketing weights which maximize profit per 
bird. An attempt was made to compute the number of flocks per 
year. It was shown that if four flocks should be produced 
annually, the broilers within each flock could not be raised 
up to the optimum weights—this situation arose when birds were 
fed given rations under particular broiler feed price ratios. 
These findings brought up two related questions relevant 
to continuous broiler production operations. First, whether or 
not the number of birds per year should be regarded as an 
endogenous variable in the decision making model. Second, what 
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is the most relevant optimizing criterion which matches the 
broiler producer behavior? Would the farmer be better off if 
net returns are maximized on a per-bird basis or on a per-unit-
of-time basis? 
Hansen and Mighell, in 1956, (38) published a study entitled 
"Economic Choice in Broiler Production". This study is related 
to the above two questions and does not fall in the formal 
production function estimation framework. However, some 
available input/output data relating broiler weights to age and 
feed intake were presented in a tabular form. It was also 
pointed out that the space requirement per bird should be 
varied according to the weight of the broiler within the market­
able weight range. Hence, an increasing monotonie weight/space 
relationship was assumed. It allowed the computation of the 
number of birds of a particular weight which utilize a given 
housing space up to its full capacity. The results indicated 
that the broiler producer who operates on a continuous basis 
with limited housing space should be more concerned with 
maximizing his net returns per year because total annual profit 
depends mainly on feed costs, broiler prices, and annual 
chicken meat production. On the other hand, broiler production 
per year is affected by the interrelationships between time, 
space, marketing weight, the number of birds within a flock and 
the number of flocks per year. 
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In 1958, Brown and Arscott (16) made an effort to consider 
the "cost of time" in relation to broiler feeding. They 
considered the effect of dividing annual broiler production 
into "runs" or sub-periods of production. They raised the 
following two questions regarding this condition. 
A. What is the optimum combination of resources for 
each run? 
B. What is the optimum length of each run that maximizes 
profit over the entire horizon? 
The procedure used in answering these questions was applied to 
some experimental data relating broiler weights to corn and 
barley consumptions. Two quadratic equations were estimated: 
the first was fitted to represent the weight response surface; 
the second expressed com consumption as a function of time and 
barley intake per bird. The optimum combinations of corn and 
barley were confuted for the sub-periods of seven, eight, nine, 
and ten weeks. A comparison of the annual profit corresponding 
to various sub-periods indicated that ten weeks is the optimum 
length for growing broilers. 
Another cooperative broiler study conducted jointly by 
agricultural economists and poultry scientists was carried out 
at Oregon State College and published by Brown and Arscott (15) 
in 1960. The investigators fitted a quadratic response surface 
to the broiler input-output data derived from an experiment 
following a 4 x 3 factorial design. The strain used was a 
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crossbreed between Delaware and New Hampshire chickens. Twenty-
four pens were used, with a total of 288 one-day old chicks. 
The birds were randomly distributed into 24 pens, with two pens 
per ration. The rations resulted from all the possible combina­
tions of four crude protein levels (16%, 21%, 26%, 32%) and 
three levels of metabolizable energy (1.2, 1.4 and 1.6) 
expressed in terms of kilocalories per pound of feed. The data 
on body weight and feed consumption per pen were obtained three 
times at the end of four, eight, and nine weeks, then the 
experiment was terminated. Isoquants and isoclines were 
derived from the gain functions and another quadratic equation 
was estimated for feed consumption per bird as a function of 
time, energy levels and protein intakes. Using the price levels 
of 1959, it was concluded that the most profitable ration per 
bird should contain 20% protein and 1.45 kilocalories of meta­
bolizable energy when fed to broilers raised to the age of ten 
weeks and the weight of 3.5 pounds. The problem of autocorrela­
tion was completely disregarded. The least cost mixtures of 
different feed ingredients which satisfy a given set of nutri­
tional and amino acids restrictions were determined by using 
linear programming methods. 
In 1961, Trant and Winder (lio) developed an analytical 
framework for imputing the opportunity cost of time in the case 
of continuous operations of broiler production. The study made 
some progress toward building a mathematical model which inte­
grates the conceptual aspects introduced in the treatments of 
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Hansen and Mighell, 1956 (38), Brown and Arscott, 1958 (16), 
and Paris, 1960 (25). It was proven that, in order to maximize 
profit over time, the marginal value product should be equated 
to the marginal factor cost plus the opportunity cost of time. 
The latter term was defined as the product of the average net 
rate of returns per unit of time and the first derivative of 
time with respect to one input. The authors suggested the use 
of the power function in estimating three basic equations in 
order to solve for the optimum broiler weight that maximizes 
broiler net returns over a period of one year. Marketable 
weight per bird was regarded as the only independent variable 
in each of the three Cobb-Douglas functions relating weight to 
broiler's age in days, feed consumption and maximum flock size 
per thousand square feet of floor space. Some available data 
covering the weight interval 2.6-4.0 pounds per broiler was 
used in the regression analysis. The yearly profit was 
expressed as a function of marketable weight, broiler price, 
feed and chick costs, the size of the flock, and the number of 
flocks per year. Rather than using the profit function in 
solving for the optimum weight, net returns were computed 
separately for eight discrete weight levels. The general con­
clusion indicated that, under favorable conditions of low 
production costs and high broiler prices, it would be more 
profitable to produce a relatively large number of flocks (per 
year) with more and lighter birds within each flock. The 
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opposite production strategy would yield more returns under 
unfavorable market situation. 
In 1963, Heady et al. (50) made another cooperative study 
on feeding beef cattle. Estimation problems arose due to the 
existence of autocorrelation. They were circumvented by 
estimating an autocorrelation coefficient which was in turn 
used in transforming the original data. The procedure used was 
based on the assumption that successive residual terms on the 
same experimental unit were following a first order auto-
regressive scheme. 
Defining U as the deviation of the observation taken from 
a given lot (experimental unit) from the mean of all replicates 
receiving the same treatment at the same point of time, was 
regressed on where t is an index for the time period. The 
transformed data was then used in estimating the beef response 
surface to feed inputs, and a silage consumption function 
expressed in terms of corn consumed and time. The quadratic 
polynomial gave better results than the other functions used in 
the study. 
Dent (20) followed a different approach of incorporating 
the time factor in the analysis of livestock feed response. 
He estimated the average daily rate of growth of bacon pigs as 
a function of the average caloric and crude protein intakes per 
day. The data was obtained from a 4 x 4 factorial experiment. 
The quadratic fitted the data better than the square root and 
the power functions. Isogrowth curves were derived for one and 
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1.25 pounds of daily gain per pig, defined in terms of energy 
and crude protein inputs. Apparently, there exists a large set 
of rations of different feed ingredients that would exactly 
contain a given combination of these two inputs. But there is 
only one particular feed mix within the set that might be called 
the least cost ration. However, Dent pointed out that there 
are numerous least cost rations, in fact as many as the number 
of the points on the isogrowth curve. He argued that, in order 
to yield a particular daily gain, animals should be fed the 
most cheap ration among all the possible least-cost rations. 
This approach requires a great deal of computations. The use 
of electronic computers and linear programming methods overcame 
this problem, especially when a reasonable number of points 
along the isogrowth curves of interest were selected. 
In 1964, Hoepner and Fruend (60) published a study on 
broiler production and the analysis included the estimation of 
broilers' weight, time and profit functions. However, the 
study was based on feeding experiments conducted at the Uni­
versity of Connecticut in 1954, and was originally designed for 
other purposes. The experimental layout consisted of 432 males 
of broiler chicks, 24 pens and 24 rations of different protein 
and caloric contents. This design was followed twice for a 
period of eight weeks each time in succession. Records on 
weight and feed intake were collected at the end of each week. 
Problems of multicolinearity were encountered by Hoepner and 
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Fruend in attempting to estimate a second degree polynomial 
equation which expressed body weight per bird as a function of 
18 variables, namely energy, protein, aggregate feed intake, 
time and their interaction terms. Hence, the conventional 
quadratic function of two input categories (caloric (C) and 
protein consumption (P) per bird) was fitted to the data after 
deleting all variables that included terms of aggregate feed 
and/or time. A logarithmic time function was also estimated 
with (C) and (P) as independent variables. No significant dif­
ference was indicated after comparing the least-time rations 
with the least-cost rations. Another compound function 
expressing annual profit per square foot of broiler housing was 
also estimated separately for each of the 24 rations. Profit 
was regarded as a function of broiler prices, feed costs, 
weight and feed per bird, the number of batches per year, and 
the number of birds per square foot per batch. Each of these 
latter four independent variables was in turn expressed as a 
function of time. The algebraic forms used were exponential 
form for the growth function and quadratic for feed consumption 
and space requirement functions. The results of the study 
showed that in the case of continuous broiler production, the 
relevant objective should be maximization of annual profit per 
square foot rather than maximum returns per bird. In the 
former case, broilers should be marketed at 3.9 pounds and ten 
weeks of age, as compared to 5.4 pounds and 12.7 weeks of age 
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for the latter case under the same market conditions. It 
should be noted that these optimum quantities are extrapola­
tions outside the experimental limits and their implications 
for straight run broiler production should not be overlooked. 
Again the existence of autocorrelation problems was neglected. 
In 1965, Hadar (34) criticized Hoepner and Fruend model 
on the ground that it does not allow full utilization of floor 
space capacity. He argued that various degrees of under-
utilization of housing facilities would prevail over the time 
period preceding the marketing week. He proposed that the 
only solution to avoid the waste in space "resources", 
especially during the early weeks of growing broilers, is to 
produce a number of flocks of different ages at the same time, 
instead of the sequential production of flocks of identical age. 
He also illustrated that his procedure would increase annual 
returns, due to the fact that it allowed production of more 
birds per square foot per year. 
A modification of Dent's approach was developed by Townsley 
(109) in 1968. He demonstrated that parametric quadratic pro­
gramming could be more efficiently used in the determination of 
the optimal livestock rations especially when the average daily 
gain response function is expressed in the quadratic polynomial 
form. He also illustrated that, in the case of growing hogs, 
quadratic programming could be used directly in solving for the 
optimum ration that maximize average profit per day. 
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In 1968, Rao and McConnell(89) estimated the broiler 
liveweight as well as the weight/feed ratio responses to floor 
space and feeder space. A 4 x 4 factorial experimental design 
was used. Four stocking rates (60, 73, 100 and 160 chicks) and 
four levels of feeders (1, 2, 3 and 4) were used per pen of 
eight by ten feet squares. A total of 3,144 chicks and 32 pens 
were used with two replicates for each of the 16 treatments. 
The experiment was run for 11 weeks. However, the fitted 
quadratic functions were based on seven weekly records starting 
from the end of the fifth week until the end of the experiment. 
Isoquants, isoclines, and ridge lines were computed from the 
estimated response surfaces and the analysis also included 
specifications of the optimum floor and feeder space under a 
range of price situations. 
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CHAPTER III. THEORETICAL FRAMEWORK 
In general, the application of production function 
analysis consists of two phases. The first phase is that of 
estimating the input-output functional relationship provided 
that the basic response data is available in the appropriate 
form. The second phase is the application of economic concepts 
- derived from the production function - in the framework of an 
economic model which optimizes a given objective function. In 
order to provide the basis for the analytical framework adopted 
in this study, the present chapter will be devoted to an out­
line of the most important problems pertinent to the above two 
phases in relation to broiler production. 
Production Function Estimational Problems 
Empirical estimation of broiler response function may be 
viewed as the cornerstone of budgeting and programming studies 
designed to yield economic information related to chicken meat 
production. Thus a prerequisite for any meaningful and relevant 
economic implication is to obtain reliable estimates of broiler 
production function parameters. This is not an easy task, 
nevertheless, it can be done through interdisciplinary experi­
mentation by complementing statistical principles with economic 
and biological logic. The first step in estimating broiler 
production relationship is to establish a specific form of the 
response function with respect to both the algebraic form used 
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and the input variables to be included in this study. 
Obviously, broiler meat-output (i.e. liveweight gain) is 
affected by numerous factors such as the quantity of feed in­
take, the quality or nutritional composition of the feed, the 
genotype of the chicken breed, floor and feeder space, labor, 
equipment and a host of other known and unknown environmental 
factors. However, in order to focus the attention on the most 
relevant inputs, it is necessary to formulate the gain func­
tional relationship in a model which abstracts from some pro­
duction factors and at the same time simulates as closely as 
possible the existing conditions. 
Empirical examination of broiler production costs reveals 
that 2/3 to 3/4 of the total cost is attributed to feed outlay. 
Furthermore, about 90% of the feed outlay is spent on cereal 
grains and #ie major sources of protein. Hence, it was decided 
that the present study will concentrate on estimating the gain 
response function to two feed variables. The question that 
arises now is; which mathematical function should be used? 
While the exact algebraic form of broiler meat production sur­
face has not yet been fully established, biological facts and 
previous studies indicate that the fitted function should 
satisfy the following two requirements: 
(1) diminishing productivity of successive units of the 
aggregated bulk of the feed mix as well as its major 
individual feed ingredients, and (2) decreasing technical 
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rate of substitution between a feedstuff of high protein 
and another of high energy. 
Empirical broiler response analyses completed to date have used 
five different algebraic forms, namely, Spillman, Cobb-Douglas 
resistance function, square root and quadratic polynomial. 
Since all these functions meet the above requirements, previous 
investigators were inclined to favor the quadratic function 
which gave the best statistical picture and avoided undue 
computational difficulties. On the other hand. Heady and Dillon 
(47, pp. 205-206) illustrated that when the true algebraic form 
of a production surface is unknown, it can be approximated via 
reducing a Taylor series expansion into a polynomial function 
of (n) degrees according to the desired level of precision. 
While using polynomial functions of higher degrees (i.e. n 3) 
would lead to a better fit of the unknown response surface, it 
would also introduce two difficulties: 
(1) more computational effort would be needed to derive 
isoproduct curves and isoclines, and (2) less degrees of 
freedom would be available for statistical tests of 
significance. 
Due to these reasons, the second degree polynomial should serve 
the purpose of approximating the unknown response surface. 
However, when the entire experimental limits of a production 
surface is not adequately approximated by the conventional 
quadratic. Fuller (29) suggested that it is possible to increase 
the domain of approximation by splicing the surface into 
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segments of quadratic polynomials subject to the restraints 
that the grafted surface retains the continuity property and 
possesses continuous derivative(s) at the joint points. In the 
meantime, no a priori information is available to impose a 
specific mathematical form on the broiler production surface. 
Hence? it seems that a grafted quadratic polynomial could be 
regarded as the most favorable form that approximates the 
broiler production response surface unless more knowledge about 
the true nature of the response function strictly dictates some 
other functional form. 
Before going into the estimation procedure, one must 
determine which experimental design should be used. Broiler 
meat production involves sequential injections of feed inputs, 
a single harvest and variable response periods. For these 
reasons, the treatments in broiler pen-feeding experiments are 
commonly defined in terms of a number of vectors in the feed 
input plane, which each vector specifies a ration of the fixed 
proportion type (i.e., it denotes a particular ratio of two 
major feed ingredients). Furthermore, it is desirable to 
spread the feed-weight observation on the ration lines across 
the biologically feasible region of the response surface. Thus, 
the number of treatments (rations) and the level of replications 
(number of pens assigned to each treatment) as well as the size 
of the experimental unit (e.g., the number of birds within a 
pen) can be controlled by the experimenter. However, one could 
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not fix the rate of feed consumption in pen-feeding experiments 
where birds are fed ^  libitum. In consequence, one may follow 
one of two approaches in collecting the weight-feed records : 
(a) to predetermine the quantities of feed intake to 
be fed to a pen of birds, but not the time spans needed 
to consume these quantities. Consequently, the records 
would be collected at fixed intake quantities along a 
given ration vector, or, (b) to specify the time periods 
but not the feed quantities to be consumed, hence the 
records are obtained at fixed points of time along the 
ration lines. 
The statistical properties of the generated broiler input-output 
data will depend on the procedure by which they are derived. 
As will be shown below, both approaches introduce autocorrela­
tion problems in estimating the response function, but only the 
fixed-time approach is pertinent to the problem of error in 
variables. 
Estimation procedure 
Ordinary least-squares regression has been the standard 
method of estimating technical production functions from 
experimental data. There are, however, certain assumptions 
that must be satisfied in order to obtain the best linear, un­
biased estimates of the production function parameters by 
applying the methods of ordinary least squares. These assump­
tions are stated in conjunction with the following linear 
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regression model expressed in matrix notation: 
X = Za + U . 
Where Z is a matrix of (n x m) dimensions of independent 
variables, (i = l,...m, t = l,...n) where m denotes the 
niimber of independent variables and n refers to the number of 
observations, X, a, and u are column vectors of n, m, and n, 
entries referring to the observations of the dependent variable, 
the unknown coefficients and the residual terms respectively. 
However, the above linear relationship becomes a statistical 
model only when the following assumptions are made: 
(a) E(u^) = 0, i.e., that the random variable 
u^ (t = l,...n) has zero mean or expected value. 
2 2 (b) E(u^) = o < «> and E(u^ug) = 0 for s ^  t, i.e., u^ 
has homoscedastic variance, and the variance-covariance 
2 
matrix is a diagonal matrix with o on the main diagonal 
and zeros everywhere else, hence, u^ and u^ are independ­
ent. 
(c) B(Z^^u^) =0, where are not correlated with the 
error term. 
In estimation procedure, there are two difficulties 
related to broiler data collection: 
When feed is fixed When broiler input-output data is 
relating liveweight response to various quantities of feed in­
puts, it is obvious that weight observations would be 
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independent if they are taken from different pens of birds, 
while some form of relationship exists between successive 
observations which are taken from the same pen. Hence, assump­
tion (b) is violated because the disturbance terms become no 
longer independent. The consequences of using ordinary least-
square methods despite the presence of autocorrelated residuals 
are stated in the following three points; 
(1) The estimated regression coefficient will still remain 
unbiased but they will be inefficient. 
(2) The classical formulas for the residual mean squares 
and the standard errors of the regression coefficients are 
no longer valid. 
(3) The t and F tests lose their precision and the 
probability statements attached to confidence intervals 
also lose their validity. 
Various assumptions and approaches have been used or suggested 
for adjusting the analysis and/or the data to remove the 
effects of autocorrelated disturbances. These could be sum­
marized as follows: 
(1) One suggestion is to use the number of pens as the 
effective number of degrees of freedom in making statis­
tical tests of significance. Nevertheless, Heady et al. 
(45, p. 94) have pointed out that this procedure does not 
overcome the last two consequences stated above. 
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(2) Increasing the replication level of the experimental 
treatments would allow the computation of an estimate of 
the experimental error on the basis of a sample of inde­
pendent observations (i.e., a single observation from each 
pen). This estimated error would be used in constructing 
confidence limits and making statistical tests of signif­
icance while the total number of collected observation 
could be used in estimating the functional parameters. 
Apparently, loss of information in calculating the experi­
mental error is a disadvantage of that procedure. 
(3) Many investigators have frequently used the first 
differences of temporal observations. Yet, using the 
first differences might be regarded as a special case of 
the more generalized assumption that the relationship 
between the residuals in the above regression model could 
be approximated by a first-order autoregressive scheme 
such that 
u^ = Xu^_2 + ... ] XI _< 1 and t = 1,2, ...,n 
where X is the autocorrelation coefficient, and is 
assumed to be normally and independently distributed with 
2 
mean zero and constant variance a . In practice, the 
magnitude of the true autocorrelation parameter is usually 
unknown; however, it could be estimated. Provided that a 
reliable estimate of X is obtained, it should be used in 
transforming the original data and then the ordinary least-
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squares regression could be safely used. 
Four procedures have been proposed to estimate the auto­
correlation coefficient A. Hildreth and Lu (58) used an 
iterative method where various values for À were selected over 
the range -1 ^  X < 1, and after transforming the original data 
for each of the selected values of X and obtaining the least 
square fit of each of these selected values, they selected the 
least squares fit that resulted in the smallest residual sum of 
squares. They then selected several new values for X that are 
slightly larger and slightly smaller than the value which 
resulted in the smallest residual sum of squares, transformed 
the data by the new estimates of A, refitted the equation of 
least squares and continued this process until the desired 
accuracy in the estimation of X was obtained. The final set of 
estimates for a and X will be maximum likelihood estimates and 
will be consistent. Durbin ( 23) suggested that an estimate of 
X could be obtained in two steps by first computing the 
residuals u^ from the ordinary least squares regression program 
disregarding autocorrelation, then estimating X by regressing 
u^ on u^_^. Finally the estimated value of X should be used in 
transforming the original data. Heady et al. ( 50) obtained an 
estimate of X from the regression of u^ on u^_^ where t is an 
index for time periods and u denotes the deviations of the 
observation taken from a given lot (experimental unit) from 
the mean of all replicates receiving the same treatment at the 
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same point of time. Roehrkasse (92 , pp. 209-210), with the 
help of Fuller, has proved that this procedure provides a 
maximum likelihood estimate of the autoregressive coefficient 
(A). Klein (76, p. 85) has also developed a maximum likeli­
hood procedure for estimating regression coefficients when the 
equation includes autocorrelated error. However, his procedure 
requires unduly large computational effort since the polynomial 
of five independent variables (which is the case in the present 
study) raised to the 21st degree in X. 
Fuller (27 ) illustrated that livestock pen-feeding 
experiments (of the type discussed above) could be fairly sum­
marized by the split-plot model. When the feed rations are 
regarded as the main plot treatment and the feed intake deter­
minations are looked at as the split plot treatment, the model 
then could be expressed mathematically as follows: 
Gijt = U + j + (MS) 
1 ~ If 
j —" 1/ 2 y * # » ^ in 
t ~ 2./ 2 y # # m y s 
where i = index of replicates (pens) treated alike 
j = index of different rations 
t = index of feed determinations 
G-.. = cumulative average gain per bird of the i^^ 1J T-
pen fed on the ration up to the k^ level 
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y = overall mean 
M. = the effect of the main plot treatment (j^ J 
ration) 
= a random component (error) attributed to the 
i^ pen receiving the treatment 
E(Cij) = 0 E(g^jSij) = ff^if i = i' and j = j' 
= 0 otherwise 
= the effect of the feeding level (split plot 
treatment) 
( M S ) =  t h e  i n t e r a c t i o n  e f f e c t  o f  t h e  t r e a t m e n t  
and the k^ split plot treatment 
= error component of the gain associated with 
pens within feeding levels. ^ijt 
NID (0, Og). 
The construction of the analysis of variance Table 1 for the 
split-plot model furnishes a statistical picture which adequate­
ly approximates the true correlation structure of broiler pen-
feeding experiments. Furthermore, two statistical gains are 
directly achieved from this analysis: (1) the degree of 
dependence between successive liveweight observations on the 
same pen is expressed as a pen component in the liveweight 
gains, hence the P test will provide an indication of the 
2 2 
magnitude of in comparison with and (2) when the analysis 
is based on the transformed data, the estimate of the experi­
mental error allows for testing the adequacy of the fitted 
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Table 1. AOV - split plot model 
Due to d.f. M.S. E.M.S. F 
Rations (M) m-1 Qi 
Reps. X rations (error a) m(r-l) Q2 "s * O2/Q5 
Feed determinations (S) s-1 Q3 
M X S (m-1) (s-1) Q4 
Experimental error 
S X Reps./Trts. (error b) m(r-l) (s-1) 05 
production function, where a lack of fit test could be made by 
comparing the regression residual mean square to the pooled 
experimental error mean square. 
When time is fixed The previous discussion about the 
usefulness of the split plot model and how to circumvent auto­
correlation problems are still valid when successive weight 
determinations upon the same pen of birds are taken at pre-
specified points of time. However, this procedure introduces 
another difficulty in estimating the production function even 
after using the estimated autocorrelation coefficient in trans­
forming the original data. Now, the problem at hand stems from 
the fact that when broilers are fed ad libitum, both weight and 
feed consumption determinations are endogenous variables 
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(i.e. determined within the experiments)/ therefore, they are 
subject to random variation associated with pens. Consequently, 
assumption (c) of the ordinary least squares is violated due 
to the,fact that the residual terms and the feed consumption 
observations are correlated. Thus, when observations are col­
lected at predetermined times intervals. Fuller (27) emphasizes 
that "a sizable number of replication for every treatment is 
quite important in these animal experiments". He also sug­
gested the average feed consumption for all replicates fed on 
the same ration could be used as the independent variable for 
each experimental unit. In this case, the ordinary least-
squares regression coefficients approach the magnitude of their 
corresponding parameters as the number of repJications increase. 
Fuller stated that this suggestion is "equivalent to the appli­
cation of two stage least squares procedure". Nevertheless, 
"the averaging operation does not remove the effect of the 
random nature of the feed observations on the analysis but 
merely reduces them". 
Economic Analysis 
Broiler producers have two major objectives: (1) to 
produce broilers of a given weight at the lowest possible cost, 
and (2) to market their flocks to obtain the greatest net 
returns. Assuming that feed is the only factor of production 
that varies with the length of a single growing period, the 
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following analysis will be limited to maximize net returns per 
bird in the following three cases. 
A single ration 
Suppose that a single variable quadratic function expresses 
the continuous response of meat-output or liveweight gain per 
bird as a result of the consumption of various quantities of 
feed intake of a particular ration of the fixed proportion type 
such that 
where M is meat output per bird (i.e. liveweight gain excluding 
the initial weight); a^ and a^ denote the production function 
coefficient to be estimated, and R is the quantity of feed in­
take per bird. The negative sign attached to ag allows for 
diminishing marginal productivity of successive units of the 
ration intake. The marginal physical product of feed (MPj^) 
could be expressed as the first derivative of Equation 1 as 
shown in Equation 2. 
The knowledge of and the price of broiler meat (P^.) as well 
as the price of feed (P^^) is essential for maximizing net 
returns per bird. Given this knowledge, one can determine the 
optimum rate, of feeding (R^) by equating the marginal value 
product of feed (MVP) to the marginal feed cost or the price 
M = a^R - a2R 2 (1) 
- 2 aj® (2)  
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per unit of feed (P^^) . However, this condition is equivalent 
to equating to the ratio of feed and broiler prices. 
Pr 
Thus a, - 2 a,R = ^  (3) 
2 a, p/ • 
Once we solve for R^, the most profitable meat output per bird 
could be easily computed by substituting into Equation 1. 
Two variable feedstuffs 
When two feedstuffs, say corn (Z^) and soybean oilmeal 
(Zg) are considered as variable inputs, the quadratic produc­
tion function would be extended to the form 
M = + CgZg - CgZ^ - C^Zg + ^gZ^Zg • (5) 
Estimation of the five parameters of the above production 
surface (i.e., c^ where i = 1, 2, ..., 5) allow the derivation 
of important input/output quantities and physical relationship 
such as isogain contours, marginal rates of substitutions, iso­
clines, the scale return to the two feedstuffs and their respec­
tive marginal productivities. While the meat production 
response depicts a surface in three dimensional space, all the 
above quantities could be easily derived from the family of 
isogain contours (isoquants) that could be depicted in the two 
feedstuffs plane as shown in Figure 1. 
Figure 1. Successive isoquants of the quadratic function 
expressing various gain levels in terms of 
possible combinations of two feed inputs 
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The isogain contour is defined as the locus of all the possible 
combinations of the two feedstuffs which produce a particular 
gain level (along .the portion of the surface under investiga­
tion) . Hence, for any fixed level of output (e.g., M*) the 
isoquant equation expresses the consumption of as a function 
of Z^ and M*. This function is a smooth continuous curve which 
implies the possibilities of substituting one feedstuff for 
another within limits, thus the marginal rate of substitution 
of corn for soybean oilmeal, I>IRS„ , is equivalent to the 
Zj/Zg 
slope of the isoquant curve or the first derivative (7) of the 
isoquant Equation 6. 
^1 = Ci + CgZg + / [(c^ + CjZ^)^ - 4C2(M* + c^Zg - C2Z2)] 
(203)"^ (6) 
az- 3M/aZ, c, - 2 c,Z, + Cj-Z, 
= 32- = "SÔTSz; = - C - 2 C4Z2 + CgZ, % = **)(?) 
In the case of two variable feedstuffs, the profit maximizing 
condition specified by Equation 3 should be extended to allow 
for the simultaneous equalities of the marginal physical 
product of each feedstuff to its relevant inverse price ratio 
Equivalently in equation form. 
- 2 C3Z1 + C5Z2 = (8) 
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aZg ^2 ~ ^ ^ 4^2 - ^5^2 (9) 
Thus, in order to solve for the optimum quantities of corn 
(Z^) and soybean oilmeal that maximize profit per bird 
inputs should be used up to the quantities specified by Equa­





and by substituting (z"^) and (Zg) into Equation 5 we get the 
most profitable liveweight gain. Equation 10 emphasizes the 
fact that production function coefficients furnish half the 
data necessary for the solution of the meat output and feed in­
put quantities that maximize net returns per broiler; the other 
half is the relevant prices. It is also worth noting that the 
above maximization condition is based on the implicit assump­
tion that an unlimited amount of capital is available. If this 
assumption is relaxed, the condition of maximizing profit, (N), 
subject to spending a given amount of funds (F) on feed outlay 
(where F = Z P„ Z.) would be 
i=l ^i ^ 
N = fCZi-Sz) - + L œ - P^.Z.) . (11) 
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2 
1^ = F - Z P„ Z. = 0 . (14) 
9L i=i Zi 1 
From these equations one can obtain a simultaneous solution of 
^1' ^ 2 Rearranging the terms of Equations 12 and 13 we 
obtain 
##[ = \ '1 + L) (15) 
Hence, profit maximization requires equating the MVP of each 
factor to its price multiplied by (1 + L), where L is the un­
determined Lagrangean multiplier. When the broiler producer is 
operating under conditions of limited funds or when the market­
able weight per bird is predetermined, the basic problem is to 
specify the least cost combination of the two feedstuffs which 
is required for producing a given gain level. In order to 
minimize the cost of a fixed quantity of meat-output, we should 
equate the absolute value of MRS„ of Equation 7 to the 
Z1/Z2 
inverse price ratio of corn and soybean oilmeal. If this 
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procedure is repeated for several fixed gain levels and using 
the same price ratio (a), we get the isocline Equation 17 
which traces out the least-cost input path for increasing gain 
levels per bird. 
3Z \ 
= azf = pT = " • <") 
Figure 1 shows that the isocline equation of the quadratic 
function is linear and does not pass through the origin. Con­
sequently, changing the proportions of the combinations of 
and ^2 is necessary to minimize the costs of feeding when 
broilers are marketed at different weights. 
Another important decision involved in raising broilers 
is to specify the least time ration (i.e., the combination of 
feedstuffs which requires the shortest span of feeding period 
to reach a particular marketing weight). Such a decision is 
essential when different rations have a significant effect on 
the daily rate of gain, especially under situations of season­
able fluctuation of broiler prices. 
More than two feedstuffs 
The foregoing analysis emphasized the possibility of sub­
stituting corn for soybean oilmeal. Obviously, corn is just 
one member of a large family of high energy feedstuffs which 
includes several cereal grains such as wheat, barley, rye, 
sorghum, etc. Similarly, soybean oilmeal belongs to the set of 
55 
high protein feedstuffs which contains linseed-oilmeal, 
sesame-oilmeal, fish-meal, meat scraps/ etc. Accordingly, the 
analysis could be extended to handle the possibility of sub­
stituting feedstuffs within each of these two broad feed 
categories as well. This could be achieved by defining the 
meat response surface in terms of two nutrients, namely, crude 
protein and metabolizable energy. Commonly, these imputed 
prices are unknown; hence, they have to be estimated. However, 
the magnitude of these estimates depends on (1) the prices of 
feedstuffs available in the market, (2) the nutrients content 
per unit of these feedstuffs, and (3) the proportions of the 
feedstuffs included in the feed mix. Also, when formulating 
the least cost mix of crude protein and metabolizable energy, 
it is important to take into account physiological nutritional 
constraints which define the quality of crude protein (i.e., in 
terms of essential amino acids) and specify other restrictions 
on fiber and fat content that might affect the palatability of 
the feed mix. Determination of the optimum production combina­
tion of the two nutrients and hence the least cost feedstuff 
mix which is composed of some feedstuffs selected from all the 
available feedstuffs in the market could be handled efficiently 
by using parametric quadratic programming which provides an 
expansion path solution of the optimal broiler ration. 
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Discussions on incorporating the two nutrients (productive 
energy and protein) meat response surface with linear as well 
as quadratic programming are to be found in Dent (20), Dent 
and English (21) and Townsley (109). 
Profit maximization over time 
So far the analysis has been limited to a single period of 
broiler production. However, under a continuous operation in 
which broilers are produced in sequential batches of birds, the 
producer must decide when to sell each batch in order to be 
replaced by the one-day old chicks of the next run. This 
decision is directly related to the net annual returns as well 
as the production efficiency of the entire operation, because 
as the birds in a batch get older and heavier there is a 
decline in the rate of feed transformation into meat, a reduc­
tion in the number of batches that can be produced annually, 
and an increase in the housing area required per bird. Con­
sequently, time should be considered as an explicit variable in 
the analysis. Although time per se has no price, one should 
consider its opportunity cost in carrying out the profit 
maximizing analysis. The time opportunity cost of holding a 
batch of broilers for another week may be defined as the fore­
gone contribution this week could have made to net returns if 
it were used for raising a new batch of broilers. Considera­
tions of these time effects on the producer's net returns lead 
to the empirical conclusion that greater yearly returns for any 
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predetermined number of birds per batch could be obtained by 
selling each batch of birds before they reach the age which 
maximizes net returns per bird. More precisely, the objective 
of a continuous broiler operator should be defined in terms of 
maximizing ones average net returns over time. If one assumes 
static market prices of broilers and feedstuffs, maximizing 
total profit for the entire production horizon would be equiv­
alent to maximizing the average net returns per unit of time 
for each of several identical batches of birds. In this case, 
according to Paris (25), Trant and Winder (110), and Dillon 
(22), the length of the feeding period required to produce 
every batch is determined at the point where the marginal net 
returns per unit of time is equal to the average net returns 
per unit of time. This point is illustrated diagramatically by 
the help of Figure 2, which shows that maximum average net 
returns occur at point A where the average net return curve 
intersects the marginal net return curve. Furthermore, com­
paring the distance OC with OS on the horizontal axis, one can 
infer that maximizing net returns per unit of time require 
marketing the birds of each batch sooner than the case of 
maximizing total profit for a single brood (i.e., maximizing 
net returns per bird). This also means that in order to 
maximize net returns over time, the optimum quantities of feed 
variables consumed per bird should be lower than those specified 
by equating the marginal value product of each feed factor to 
its respective price (Equation 8). 
Figure 2. Feeding periods corresponding to maximization of 













CHAPTER IV. EMPIRICAL ESTIMATION 
OF PRODUCTION FUNCTIONS 
Data Used 
The present study utilizes response data obtained from 
two broiler-pen-feeding experiments, namely experiment No. 317 
and experiment No. 741. These experiments were conducted by 
the Department of Animal Husbandry in cooperation with the 
Department of Economics at Iowa State University. In general, 
both experiments are of a similar nature. However, experiment 
No. 317 was conducted during 1955 and is briefly described in 
the part of this study covering the review of literature (page 
22). Experiment No. 741 was conducted during the spring and 
summer of 1968. It is noteworthy that from hereafter, the 1955 
experiment will be referred to as the old experiment and that 
of 1968 will be called the new experiment. A brief description 
of the new experiment is presented first to facilitate a later 
discussion that emphasizes the points of similarities and dif­
ferences between the new and the old experiment. 
The new experiment (Experiment No. 741 of 1968) 
This experiment was designed to generate the data necessary 
for alternative estimation procedures of broiler meat produc­
tion function (surface). A regular commercial breed of chickens 
called Hubbard Broiler Cross was used for eight weeks starting 
from the hatching day. The chicks were assigned at random into 
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30 pens subject to including 12 chicks in each pen and 
maintaining the proper sex ratio (i.e., 1:1). 
The experimental treatments were specified in terms of 
five iso-caloric rations containing approximately 16, 19, 22, 
24, and 26 percent crude protein levels. Birds of each experi­
mental unit (the pen) were fed ^  libitum a single ration 
during the entire course of the experiment and each ration was 
replicated six times. 
On the basis of the two approaches mentioned above deter­
minations of the cumulative liveweight gain and the consumed 
feed variables for each pen were obtained: (1) when feed was 
fixed, at the prespecified levels of 6, 12, 18, 24, 30, and 36 
kilograms of feed per pen, observations of the elapsed time 
periods required for consuming these feed quantities were also 
recorded, and (2) when time was fixed, the liveweight-feed data 
were collected after 2, 4, 6, 7, and 8 weeks. 
Collection of the data in this manner allowed for the 
derivation of two separate sets of determinations on the basic 
variables used in this dissertation. The set corresponding to 
the fixed feed approach includes 180 observations which are 
composed of 30 six-record series obtained from the same pen on 
each of the following variables; 
1. G. : The cumulative average liveweight gain (pounds) 
per broiler of the pen fed on the i^^ ration up to 
the quantity. 
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Where ; i = l, 2, ..., 5 
j — 1, 2, « « « f 6 
K = l ,  2 ,  6  
2. C\j^: The cumulative average corn consumption 
(pounds) per broiler. 
3. S. : The cumulative average soybean consumption 13K 
(pounds) per broiler. 
4. M. : The cumulative average intake of metabolizable 
energy per broiler measured in kilocalories. 
5. The cumulative average intake of crude protein 
(pounds) per broiler, and 
6. T^j^: The cumulative time period (days) needed for 
consumption of the predetermined feed quantity per 
bird. 
The other set corresponding to the fixed time approach 
contains 150 observations and is also made up of 30 series for 
all the basic variables except the time variable. 
To avoid the use of new symbols as a means of abbreviating 
the temporal determinations on the first five basic variables, 
the above symbols would be restored to carry (essentially) the 
same meaning with the exception of replacing the third sub­
script (k) by (t). Where t is denoting the cumulative time 
periods in days and t = 1, 2, ..., 5. This means that the 
variables now are prescribed by G..,, C..., S..., M..., and i]t ijt' ijt i]t 
P.... For example, G... now reads: the cumulative average 
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liveweight gain (pounds) per broiler of the pen fed on the 
i^ ration at the end of the t^^ time period. 
Eminent among similarities between the new and the old 
experiments are the following aspects related to: 
(a) experimental design, 
(b) type of feeding, and 
(c) feed supply. 
Experimental design In both experiments, a group of 
straight run chickens (the pen) was regarded as the experimental 
unit. The treatments were defined in terms of rations of dif­
ferent protein level, randomization technique, treatment 
replications, and the application of the "fixed time approach" 
are common features of the two experiments. 
Type of feeding A single ration bearing a fixed corn-
soybean ratio was fed at free choice (^ libitum) to the one-
day old chicks of the same pen throughout the experimental 
period. (Later comparisons will not utilize the switched 
ration part of the old experiment.) 
Feed supply 1. Ground yellow corn was the main source 
of carbohydrates and soybean meal served as the main source of 
crude protein. Thus, combined together, corn and soybean meal 
constituted about 85 to 89 pounds per hundredweight of the 
different rations. 
2. The range of the percentage of protein in the rations 
was almost the same in both experiments, namely, approximately 
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16 to 26 percent. 
3. All rations were fortified with minerals, vitamins, 
and other supplements at a constant rate per hundredweight of 
different rations, i.e., at a rate of 10.5 percent in the new 
experiment and 14 percent in the old experiment. 
The various quantities of ingredients used per hundred 
pounds of feed are illustrated in Tables 2, 3 for the new and 
old experiments respectively. 
A comparison of Tables 2 and 3 indicates that in both 
experiments the constant additive feed mix is composed of the 
same quantities of oyster shells, salts, and a premix of vita­
mins and minerals. However, in the new experiment, fishmeal 
substituted wheat middlings and a small part of alfalfa meal, 
while Dical Phosphorus replaced bone meal that was used in the 
old experiment. Other features of the feed supply of the new 
experiment are the use of soyoil in a wider range and higher 
levels, since soyoil was used as a means of making up isocaloric 
rations (notice that in the old experiment, the high protein 
levels are associated with low energy levels and vice versa). 
Nevertheless, due to improvements in breeding and efficiency of 
the recent types of fast growing strains of chickens, the 
present study will credit the more efficient breed stock of the 
new experiment the lion's share of any progress achieved with 
respect to gain response and feed efficiency. More specifically, 
when making a comparison between the experimental findings of 
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Table 2. Feed ingredients used per hundred weight of different 
rations used in broiler experiment No. 741 (new 
experiment) 
Various quantities of ingredient used 
in the five rations (pounds) 
Feed ingredients I II III IV V 
Ground yellow corn 79.0 69.8 60.0 54.0 47.8 
Soybean meal 10.0 18.0 26.5 31.8 37.2 
Soy oil 0.5 1.7 3.0 3.7 4.5 
Fishmeal 5.0 5.0 5.0 5.0 5.0 
Alfalfa meal 2.0 2.0 2.0 2.0 2.0 
Dical. phosphorus 1.5 1.5 1.5 1.5 1.5 
Oyster shell 0.5 0.5 0.5 0.5 0.5 
Salts 0.5 0.5 0.5 0.5 0.5 
Vitamins and minerals 1.0 1.0 1.0 1.0 1.0 
Total 100.0 100.0 100.0 100.0 100.0 
Calculated percent 
of protein 15.7 18.8 21.8 23.8 25.7 
Calculated met. energy 
kilocalories/pound 1.420 1.420 1.420 1.420 1.420 
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Table 3. Feed ingredients used per hundred weight of different 
rations used in experiment No. 317 (old experiment) 
Various quantities of ingredient used 
in the six rations (pounds) 
Feed ingredients I II III IV V VI 
Ground yellow 
corn 71.0 65.5 59.6 53.9 48.2 42.5 
Soybean meal 15.0 20.5 26.0 31.5 37.0 42.5 
Soy oil — — — — 0.2 0.4 0.6 0.8 1.0 
Fish meal 2.5 2.5 2.5 2.5 2.5 2.5 
Alfalfa meal 2.5 2.5 2.5 2.5 2.5 2.5 
Wheat middlings 5.0 5.0 5.0 5.0 5.0 5.0 
Bone meal 2.0 2.0 2.0 2.0 2.0 2.0 
Oyster shell 0.5 0.5 0.5 0.5 0.5 0.5 
Salt 0.5 0.5 0.5 0.5 0.5 0.5 
Vitamins and 
misc. 1.0 1.0 1.0 1.0 1.0 1.0 
Total 100.0 100.0 100.0 100.0 100.0 100.0 
Calculated percent 
of protein 15.56 17.58 19.55 21.55 23.55 25.55 
Calculated met. 
energy, kilo-
calories/lbs. 1.331 1.311 1.285 1.263 1.240 1.217 
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the old and the new experiments, it could be argued that, 
although one should be aware of the slight differences that 
exist in the composition of the rations, it is still possible 
to claim that the effect of these differences may be regarded 
negligible relative to the portion of the change in broiler's 
feeding performance which may be attributed to the advanced 
genetical structure of the 1968 broiler strain used in the new 
experiment. 
Finally, it may be appropriate to emphasize that from an 
experimental design point of view, the new experiment possesses 
two main characteristics which make it superior over the old 
experiment. The first is the application of the "fixed feed" 
approach, and the second is the higher replication level (the 
new experiment has six replicates while the old one has two 
replicates only per treatment). 
Statistical Procedures, Findings, and Discussions 
Introduction 
One of the main objectives of this study is to obtain 
reliable empirical estimates of a functional expression of the 
broiler gain response surface. Data obtained from both experi­
ments furnished the basic information necessary for carrying 
out least-squares regression analysis. Where two different 
procedures were followed in deriving alternate physical 
expression of the same phenomenon as illustrated in the 
68 
following two mathematical expressions: 
^ijk ^ ^^ijk' ^ijk^ ^ijt ~ ^  ^^ijt' ^ijt^ 
Gijk = f (%jk' ^ijk^ ^ijt ^ ^  ^^ijt' ^ijt^* 
Where (f), the mathematical form of the function, is assumed 
to follow as a quadratic polynomial of the second degree. 
Although the same vector of observations is used in both 
procedures (cases), each equation denotes a different physical 
input-output relationship. This is due to the fact that in 
one case observations on the two major feed-stuff variables 
(corn and soybean meal consumption) and their corresponding 
square terms and interaction terms are used as the regressors. 
In the other case, the regressors are related to the records of 
nutritional variables defined in terms of metabolizable energy 
and crude protein intakes that are supplied by all the 
ingredients used in formulating the different rations. 
Each of the above two basic equations (production surfaces) 
was estimated twice from the findings of the new experiment 
when "feed" was fixed and when "time" was fixed. They were 
also reestimated from the old experiment for the purpose of 
comparison. Furthermore, a time function: T. ., = f (C. , 
13 K 
^ijk^ was estimated (for the new experiment) in order to allow 
comparisons of the time periods needed to consume different 
combinations of corn and soybean meal which are required to 
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produce particular levels of broiler-meat-output under the 
conditions of the new and the old experiments. 
Data adjustments 
The existence of the auto-correlation problem called for 
testing the degree of dependence between successive determina­
tions of liveweight-gain obtained from the same pen, and hence 
for making the necessary adjustments to the data before 
utilizing the cumulative observations in the regression 
analysis for estimating the broiler production surfaces. 
According to Fuller's suggestion (29), the first logical 
step in the analysis was to apply the split-plot model to the 
collected data in order to assess the correlation structure of 
successive liveweight determinations of the same pen. This 
step served also as an attempt in the search for a suitable 
transformation of the data that would lead to independently and 
indentically distributed error term associated with cumulative 
observations on liveweight-gain series. 
Thus, analysis of variance tables of the split-plot model 
were separately constructed on the basis of cumulative live-
weight-gains as well as the first differences of the series of 
observations collected from the same pen. This step was 
repeated for the "feed fixed" and the "time fixed" sets of data 
as illustrated in Tables 4 and 5. 
Table 4. Analysis of variance for the split-plot model based on cumulative live-
weight gain observations and their first differences (new experiment) 
Source of Error mean , Level of 
Data used variation d.f, square P or (p) significance 











2.6320 P < 0 .001 









(2.6288) P < 0 .001 
(b) Fixed time data 








6.6546 P < 0 .001 









(1.7264) 0 .05 < P 
Table 5. Analysis of variance of the split-plot model using the transformed gain 





d.f. square F or (jr) 
Level of 
significance 
Feed fixed data 
(Gijk ~ ®ijk-l^ Error (a) 25 0.004286 
Error (b) 125 0.006239 
Pooled error 




at the ten per­
cent level 
Time fixed data 







1.4616 Not significant 
at the ten per­
cent level 
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On the basis of the significance levels of the F ratios 
reported in Table 4, the hypothesis was accepted that there 
exists a main plot error component which is equivalent to 
accepting the hypothesis that successive weight determinations 
are correlated. One may also conclude from the same table that 
the use of the first differences does not help in removing the 
error associated with the main plot, i.e. the lot component 
The next step in searching for a suitable transformation 
of the data called for estimating the autocorrelation coeffi­
cient (X) by assuming an autoregressive scheme of the first 
order. The approach suggested by Heady et (50) (see the 
discussion of page 22 above), was applied and an estimate of 
(X) equal to 0.7 was obtained. Accordingly, this estimate was 
used in transforming the original data and the split-plot 
analysis was carried out once again on the transformed data as 
indicated in Table 5. The comparison between Table 4 and Table 
5 indicates that employing the estimated value of A (i.e. 0.7) 
in transforming the collected series of data which belongs to 
the same pen does have effective influence toward removing the 
main plot error component. On the ground that the probability 
level of the F tests of Table 5 are greater than ten percent, 
2 it could be safely assumed that the lot component (a^) is 
equal to, or approaches, zero. This, in turn, means that the 
latter transformation may be regarded as an adequate means of 
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removing the dependence of repeated cumulative observations 
taken from the same experimental unit. 
Tables 6 and 7 illustrate that consistent results have 
been obtained when similar comparisons were made using observed 
gain series obtained from the old experiment, and when the same 
analyses applied to series of observations on cumulative and 
transformed data prescribing the time elapsed to consume pre­
determined feed amounts that were used in the new experiment. 
Thus far, the data adjustment process tackled the problem of 
autocorrelation between the multiple determinations recorded 
on the same experimental unit. It is informative to keep in 
mind the fact that autocorrelation problem is a common problem 
of the used experimental data whether it is generated by 
applying the "fixed feed" approach or the "fixed time" 
approach. Thus, when the former approach is applied, finding 
the appropriate transformation of the serial determinations, 
i.e. circumventing the autocorrelation problem, is the only 
required step for adjusting the data before using ordinary 
least-squares method. However, when the latter approach is 
applied, an additional step of data adjustment should precede 
the application of ordinary least-squares method, namely, using 
the transformed treatment means in the regression analysis (see 
Fuller, 27). The average operation is necessary to handle the 
problem of random feed variables, hence ordinary least-squares 
technique should be applied on the transformed treatment means 
Table 6. Analysis of variance of the split-plot model using original and transformed 
gain data of the old experiment 
Source of Error mean , Level of 
Data used variation d.f. square F or (p) significance 
Original cumulative Error (a) 15 0.007759 7.4212 0.001 
liveweight gain 
data Error (b) 150 0.001046 
Transformed gain Error (a) 15 0.000475 0.6813 Not significant 
data - 0.7 at ten percent 
Error (b) 150 0.000697 (1.4677) level p > 0.10 
Table 7. Analysis of variance of the split-plot model using original and transformed 
data of the time elapsed to consume particular amounts of feed (new 
experiment) 
Source of Error mean , Level of 




Error (a) 25 3.062230 
Error (b) 125 0.321581 
9.5224 0.001 
Transformed series 
of time data 
(Tijk - 0-7 
•""ijk-l' 
Error (a) 25 0.411338 
Error (b) 125 0.291130 
1.4129 Not significant 
at ten percent 
level p > 0.10 
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of the determinations that were collected at prespecified 
points of time for each of the used basic variables. Thus, 
the treatment mean for the same time period is obtained from 
the six pens treated alike (replicates). This means that the 
five basic variables to be used in fitting the feed-stuff pro­
duction surface and the nutritional broiler gain surface are; 
1. Gi.t - 0.7 Gi.t-1 
2. Ci.t - 0.7 Ci.t-1 
3. Si.t - 0.7 Si.t-l 
4. 
^i.t - 0.7 Mi.t-1 
^i.t " ^i.t-l 
i = 1, 2, .../ 5; number of rations 
j = 1, 2, ..., 6; number of replicates 
t = 1, 2f 5; index of time periods. 
6 G^.. 6 G, .. 
Where, for example, G^ ^ = S —^ , G^ = Z ——, 
j=l j=l 
the 0.7 is the estimated value of the autocorrelation coeffi­
cient (X) and the (1) occupying the first subscript denotes 
the first treatment (ration). 
Once again, the reason for using the treatment means of 
the "fixed time" data is to get regression coefficient 
estimates that are asymtotically unbiased and efficient 
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( Plim A = A) . On the other hand, using the transformed treat-
j->-00 
ment means in the regression analysis when the feed input 
variables are fixed proper, e.g. the case of "fixed feed" data, 
would yield regression coefficient estimates which are identical 
to those that may be obtained by using the total number of the 
transformed observations. (The only difference is that the 
residual mean square from regression using the means would be 
equal to the residual from regression using the total number of 
observations divided by six, the number of replicates) . Since 
the estimates in both cases are BLUE estimates, it was decided 
to run the regression analysis using the transformed treatment 
means of the "fixed feed" data. 
Various criteria used in evaluating the quadratic production 
surface 
From the outset of the estimation phase, it will be 
hypothesized that the mathematical expression for broiler pro­
duction surface follows the conventional quadratic polynomial 
of the second degree. That is: G = Z2 ^  
2 2 
*^4 ^2 ^5 ^1 ^ 2* Where G denotes the level of meat-
output response (liveweight gain) per broiler, corresponding to 
various quantities of feed inputs and Z2 ; whether the feed 
inputs being corn and soybean or metabolizable energy and crude 
protein. Therefore, it would be appropriate to assess (or 
evaluate) the adequacy of the quadratic surface for estimating 
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the physical input-output relationship involved in the process 
of broiler meat production. The following four criteria were 
used in the assessment of the quadratic function: 
1. Since the surface is estimated for a fixed technical 
unit (a broiler), the sign of each estimated parameter in the 
production function must be consistent with a priori knowledge. 
Thus, it is logical to expect the association of a positive 
sign with the coefficient of the linear term, a negative sign 
for those of the quadratic term, and either a negative or a 
positive sign for the coefficient of the cross-product 
depending upon whether the interaction of the two inputs is 
positive or negative. 
2. The.magnitude of the coefficient of multiple deter-
2 
mination (R ) signifying the percentage of the variation in the 
observed gain levels that is explained by the fitted equation 
must be as close to unity as possible. 
3. Assuming that it is most likely that no gain response 
in broilers' weight is expected at zero level of feed and after 
fitting the quadratic function with and without intercept; a 
statistically significant constant term would cast some doubt 
with respect to the adequacy of the quadratic form in approxi­
mating the overall range of the used experimental data. 
4. A more objective test of the adequacy of the overall 
quadratic function would be the performance of a lack of fit 
test to the function fitted without intercept. However, the 
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appropriate lack of fit test depends upon the nature of the 
collected data: (a) for the transformed treatment means of the 
"fixed feed data", it is a matter of computing the following 
F ratio and comparing it with the tabled F value with the 
appropriate degrees of freedom (d.f.) and the desired probabil­
ity level. Thus, F = ^ (p^Ê^Ê^) ^ * ^^re R.M.S. denotes the 
residual mean square from the regression of the quadratic 
function (using the transformed treatment means) which must be 
multiplied by (6), the number of replicates, and (P.E.E.) is 
the pooled estimate of the experimental error obtained from the 
analysis of variance table of the split-plot model based on the 
transformed gain determination such that: 
p „ _ _ S.S. of error (a) + S.S. of error (b) 
d.f. of error Til + d.f. of error (b) 
(b) for the transformed treatment means of the "fixed time 
data", one can no longer use P.E.E. as the denominator of the 
F ratio. The reason is that the analysis of variance table of 
the split-plot model using the transformed gain observation 
takes care only of the autocorrelation problem, but disregards 
the problem arising from the fact that feed variables are 
random in nature. In this case, following Fuller's proposition 
(27) instead of using P.E.E. as the denominator of the F ratio 
(the lack of fit test), one must use a proper error estimate 
that could be obtained by the application of the classical 
"errors in variables" technique. 
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Consider that it is desirable to estimate the quadratic 
surface for broiler gain response to various consumed 
quantities of corn (C) and soybean meal (S) as in Equation 18; 
Gi = tti C + a2 S + 03 + as C S . (18) 
This equation would describe the production surface accurately 
only if there were no errors involved in observing these 
variables and the quadratic form is the true mathematical 
function. But, since these variables are actually observed 
with error, every observation on each of the six basic vari­
ables of the quadratic surface could be partitioned into two 
components; a systematic component (mean value) and random 
component (error) such that: 
Yi = C + Y, = 5= + Wj 
Yg = S + #2 Yg = CS + Wg 
Y3 = + W3 Yg = G + Wg . 
Substituting the Y variables into Equation 19 will yield: 
Yg = Y^ + «2 Y2 + Og Yg + 84 Y4 + Og Yg + U . (19) 
Thus, once the 6x6 error variance-covariance matrix V is 
2 
estimated, then could be computed as indicated in Equation 
20 
Sy = V A (20) 
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^ 2  Where is a scaler (the estimator of the variance U) 
T A = [1, -a^, -ag, -ag, -a^, -a^] a's are the estimated regres­
sion coefficients of the a's and 
(125) [V] 6x6 
zw: 
SW£ 
zWgWg zWgWi 2W3W2 zw: 
zw.wv ZW^W, ZW.W^ ZW^W-, zw 
'4"6 ''"4"1 ^"4"2 4"3 
ZWgWg ZWgW^ ZWgW^ ZWgWg ZMgW^ ZW 
Where W^^ = i = 1, 6. 
The discussion, thus far, illustrated that in the case of 
random variables the proper lack of fit test (proposed by 
Fuller is: F = ^  (R.M.S.) _ 
However, the logic of using the F ratio in performing the 
lack of fit test is essentially the same for both situations 
mentioned above. The F statistic is a test for the null hypoth­
esis (Hq) that the quadratic function is the true function. 
Failure of the quadratic form to pass this test (if the result 
of the test is significant) would mean that Hq will not be 
accepted, implying that the alternative hypothesis is accepted. 
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i.e., the conventional quadratic form does not provide an 
adequate approximation of the entire range of the underlying 
experimental production surface. In this case, one may use the 
grafted polynomial regression technique developed by Fuller 
(27) and then perform the lack of fit test again to the grafted 
quadratic surface. 
Empirical results of the estimated broiler production 
function(s) 
The estimated broiler production surfaces using the quad­
ratic function will be presented in the following order: 
I. Results of the new experiment: 
a. The feed-stuff gain surface; G = g^(C,S) and 
b. The nutritional gain surface; G = based on 
i. the "fixed feed approach" 
—using the original non-transformed 
observations 
—using the transformed treatment means 
—using the grafted polynomial regression on 
the transformed treatment means. 
ii. the "fixed time approach" 
—using the original non-transformed 
observations 
—using the transformed treatment means 
—using the grafted polynomial regression on 
the transformed treatment means. 
II. Results of the old experiment: 
On the basis of the "fixed time approach" for step (a) 
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and (b) stated above, using the results of the re-
estimated functions based on the transformed treat­
ment means. 
Furthermore/ each of the above quadratic equations was 
fitted with and without a constant term. 
The reason for fitting the quadratic function to the 
original data disregarding the problem of autocorrelation and/ 
or the problem of random variables is to emphasize the con­
sistency between empirical findings and the theoretical 
consideration involved with respect to the magnitude of the 
residual mean square and the lack of faith in the obtained "t" 
values. To facilitate comparisons of different estimated 
functions, the results are presented in Tables 8 and 9. 
Inspection of the tables covering the quadratic equations of 
the new experiment lead to the following observations : 
(conclusions): 
1. In all cases except Equation 3.a of Table 8, the 
estimated regression coefficients bear the expected sign. 
2 (Notice, the positive sign associated with S in Equation 3.a.) 
However, while the sign of the interaction terms is positive 
for all the "fixed feed" equations, it has switched from the 
positive side to the negative side for the "fixed time" 
equations of Table 8. 
Table 8. Results of the new experiment. Estimated regression coefficients (a^) for 
various feedstuff quadratic functions, their standard errors (S , 
3 o 
"t" values, the level of significance (P) and R 
Constant CS R.M.S. R Data 
used 
(a) Using "fixed feed data" 
Equation l.a 






















-.018505 -.199564 .041063 .006561 0.99220 180 obs. 

































































(b) Using "fixed time data" 
Equation l.b 
a^ .077556 .523129 1.184461 -.022211 -.204058 .019745 0.10226 0.99251 150 obs. 
.022469 .027021 .056532 .005147 .019677 .016416 original 
"t" 3.452 19.360 20.952 4.315 10.370 1.203 data 
P *** *** *** *** *** g 
Equation 2.b 
.569747 1.229258 -.027972 -.209230 .008795 0.10995 0.99189 150 obs. 
.024269 .057056 .005049 .020345 .016702 original 
"t" 23.4765 21.545 5.540 10.284 .5266 data 
p *** *** *** * ** 
Equation 3.b 
.a^ .092598 .480726 1.110436 -.014461 -.150047 -.0076009.002875 0.98717 25 trans. 
.034066 .062479 .106415 .008636 .039670 .032894 trts. 
^i 
"t" 2.718 9.160 10.386 1.675 3.782 0.231 means 
P * *** *** f *** h 
Equation 4.b 
a^ .558106 1.180554 -.020504 -.154383 -.019461 .003793 0.98218 25 trans. 
— .050641 .119181 .009586 .045531 .037451 trts. 
^i 
"t" 11.021 9.906 2.139 3.391 .520 means 
P * ** * * * * ** ^ 
The probability (P) of larger value of "t" ignoring the sign, where 
***means P < 0.001 f means 0.10 < P < 0.20 
**means .005 < P < 0.01 g means 0.20 < P < 0.30 
•means 0.01 < P < 0.05 h means P < 0.30 
+means 0.05 < P < 0.10 used in this table and hereafter. 
Table 9. Results of the new experiment. Estimated regression coefficients (bu) for 
various nutritional quadratic surfaces, standard errors , "t" 
2 
values, the level of significance (P) and R 
hi 
Constant M M MP R.M.S. R Data 
used 

























































1.838229 .433964 0.006556 .99221 180 obs. 





1.840357 .434602 0.006556 .99164 180 obs. 





1.492375 .335181 0.000972 .98294 30 obs. 






•1.493217 .335498 0.001479 .97296 30 obs. 
.531344 .158410 trans. 
" t" 
P 
4.876 4.855 2.188 2.8103 2.118 
*** *** * ** * 
trts, means 




































































































.99057 150 obs. 
original 
data 
.98977 150 obs. 
original 
data 
.98717 25 trans 
trts. 
means 




2. In general, the residual mean squares of the fixed 
feed tables are smaller than those of the fixed time tables. 
This point is also valid when the comparison is based on the 
residual sums of squares (not shown in the tables) . 
3. The comparison of the more precise "t" values of the 
regression coefficient estimated by using the transformed 
treatment means with those based on the original non-trans­
formed data indicate that the former are always smaller than 
the latter. This is due to the underestimation of the standard 
errors of the regression coefficients of the original data. 
4. It is most interesting to notice the larger magnitude 
of the constant term in Equations 3.a and 7.a and the fact that 
in all equations the constant term is significant (at least at 
the 0.001 level). This casts some doubt on the adequacy of the 
overall quadratic function. 
The results of the lack of fit test related to Equations 
4.a, 4.b- 8.a, and 8.b are shown in Table 10. 
Examination of Table 10 emphasizes two points: (1) the 
significance level of the F test is very high for Equations 4.a 
and B.b of the "fixed time" approach and (2) the significance 
levels of the tests performed for Equations 4.b and 8.b are 
slightly larger than the tabulated F values associated with the 
0.05 probability level. 
Table 10. The level of significance of the lack of fit tests (F ratios) performed 











4. a 0. 009072 0.005675 — — — 1.604 25,150 0 .05 < P < 0.10 
8. a 0. 008874 0.005675 — — — 1.563 25,150 0 .05 < P < 0.10 
4.b 0. 022758 — 0 .006267 3.631 20,125 P < 0.001 
8:b 0. 024696 — 0 .005821 4.243 20,125 P < 0.001 
^P.E.E. denotes the pooled experimental error of the split-plot model analysis 
of variance table (Table 4). 
b ^ For a detailed illustration of the computational steps involved to obtain U 
of Equations 4.b and 8.b, see Appendix B, 
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Thus, the results of lack of fit tests applied to those 
four equations lead to the conclusion of accepting the alterna­
tive hypothesis that the quadratic function is not the true 
functional form which fits the experimental data used. 
Equivalently, this means that the residual mean squares from 
the quadratic surface (regression equation) is the sum of the 
proper experimental error estimator and the square of "a bias 
term" built in the choice of the conventional quadratic form 
to approximate the functional relationship. This conclusion is 
valid for the estimated feed-stuff as well as the nutritional 
quadratic surfaces of the broiler gain response. 
In the second stage of the estimation process, the 
regression technique developed by Fuller (29) was used.^ How­
ever, to overcome the problem of specifying the joint line(s) 
of the spliced quadratic surface, a "trial and error" approach 
was followed as an attempt to approximate the joint line(s) 
that would minimize the residual sums of squares of the 
(grafted) regression equation. 
Unsatisfactory results were obtained from the trials of 
dividing the domain of the experimental surface into four 
^The author is indebted to Dr. Wayne A. Fuller for his 
valuable advice in grafting the quadratic function. For an 
illustration of the regression technique used in this study, 
see Appendix A. For more general cases, see Fuller (29). 
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subdivisions. Nevertheless, satisfactory results were obtained 
when the domain was divided into two regions, where the joint 
line (Z2 = Kj where K is a constant) was perpendicular on the 
Z2 axis denoting soybean consumption (S), (or protein intake 
(P)) in the two-input plane. 
Among the several K values tried, to locate the joint line 
splicing the gain surface into two segments, it is believed 
that the line ~ 0 «5 (where Zg = S or Zg = P) furnished 
adequate approximation of locating the joint line. (The lack 
of fit tests shown below (Table 13) enforce this conclusion.) 
Tables 11 and 12 compile the findings of the estimated 
regression coefficients, and other related information about 
the grafted quadratic surfaces. The additional variable J 
appearing in both tables is defined as follows: 
(i) for the functions (equations) of Table 11; 
= (S - 0.5)^ where S >0.5 
and J = 0 where S £ 0.5 (otherwise) 
and (ii) for the functions (equations) of Table 12: 
Jg = (P - 0.5)^ where P > 0.5 
and J = 0 where P ^  0.5 (otherwise) 
A comparison between the broiler feed-stuff gain surface 
(Table 11) estimated by the grafted quadratic function derived 
via the fixed feed approach (Equation 10.a) and the other 
estimate of the same surface obtained via the fixed-time 
approach (Equation 10.b) indicates that their corresponding 
Table 11. Results of the new experiment. Estimated regression coefficients of the 
feed stuff grafted quadratic surface, the standard errors of the estimates 
(Sj^ )f "t" values, level of significance (P) , and 
Constant CS R.M.S. R 
(a) Using "fixed feed data" (30 transformed treatment means) 
Equation 9.a 
0.162039 .267797 1.283235 -.006238 




Equation 10. a 







.510445 1.592728 -.018095 
.028531 .112954 .005523 
17.891 












* * * 
"t" 
p 
Equation 11. a 
d^ .141689 .510445 1.026172 -.018095 -0.160019 
S, .033080 
*i 
.028531 .071844 .005523 
4.283 













































.479301 1.372494 -.014010 











.495288 1.718798 -.014830 







.495288 1.102757 -.014830 
.051167 0.182782 .008776 
9.680 






































Table 12. Results of the new experiment. Estimated regression coefficients of the 
two-nutrient grafted quadratic surface, the standard error of the 
estimates, "t" values, level of significance (P) and 
Constant M M MP R.M.S. R 
(a) Using "fixed feed data" (30 transformed treatment means) 
Equation 12.a 
.156137 .031367 1.584590 -.017184 -1.64815 .355973 
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.187428 1.973239 -.031878 -2.42381 
.043819 .319658 .010835 .572429 
.459294 .423495 0.001010 .98302 
.146552 .149260 
.187428 1.549744 -.031878 -1.998786 









(b) Using "fixed time data" (25 
Equation 12.b 
b^ .071675 .133273 2.068630 
.071769 .063734 .686032 































.255120 .144630 1.535269 
.087211 .062707 .399569 































Table 13. The level of significance of the lack of fit tests (F ratios) performed 













(a) "fixed feed" 
10.a 0.0053358 0.005675 
13.a 0.006060 0.005675 










24,150 Not significant 
at 10 percent 
level 
24,150 Not significant 
at 10 percent 
level 
19,125 Not significant 
at 10 percent 
level 
19,125 Not significant 
at 10 percent 
level 
P.E.E. denotes the pooled experimental error of the split-plot analysis of 
variance table (Table 5). 
b , "^2 For a detailed illustration of the computational steps involved to obtain 
of Equations 10.b and 13.b, see Appendix B. 
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2 R values are very close (i.e., 0.98434 for the former, and 
0.98672 for the latter estimated equation). Furthermore, the 
residual mean square (R.M.S.) of the first equation (i.e., 
0.000893) is smaller than the R.M.S. of the second equation 
(i.e., 002975). Consequently, the level of significance of 
"t" values corresponding to separate regression-coefficient 
estimates of Equation 10.a are higher than those of Equation 
10.b. This point is also true when a similar comparison is 
carried for the nutrient gain surface (Table 12) by contrasting 
Equation 13.a of the fixed-feed approach versus Equation 13.b 
of the fixed-time approach. 
The results of the above comparisons lead to the general 
conclusion that although the averaging operation helped - in the 
case of the estimated gain function obtained via the fixed-
time approach - to reduce the effect of random variables, it 
seems that the fixed-feed approach surface yields more reliable 
estimates than those of the regression-coefficients derived 
from the fixed time approach. 
It is worth noting that a comparison between the grafted 
quadratic corn-soybean surface (i.e., 10.a and 10.b) and the 
grafted quadratic gain surface expressed in terms of metaboliz-
able energy and crude protein (i.e.. Equations 13.a and 13.b) 
indicates that, in general, the level of significance of the 
interaction term MP is higher than those corresponding to the 
interaction term CS. However, the values of the residual mean 
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square (the unexplained part of the total variation in gain 
determinations) of both physical expressions of the experiment­
al broiler gain surface are very close. The physical 
expressions have almost identical high coefficient of deter-
2 
mination (R ) which means that both alternate physical 
expressions are adequate approximations of the experimental 
range of the broiler gain surface. 
A summary of estimated gain functions used for prediction 
This chapter has presented alternative procedures for 
deriving various empirical regression equations of broiler gain 
production function. The method of least squares was used in 
fitting these broiler production functions with considerable 
emphasis upon overcoming estimation problems related to auto­
correlation and random variables. In all, 28 regression 
equations were estimated from a pen-feeding experiment con­
ducted at Iowa State University in 1968 (i.e., the new 
experiment). 
Five isocaloric rations containing approximately 16, 19, 
22, 24, and 26 percent crude protein were used as the experi­
mental treatments. A total of 360 one-day-old chicks of the 
Hubbard Broiler Cross strain was randomly and equally allocated 
into 30 pens where each sex was equally presented in each pen, 
and the broilers were fed for a period of 8 weeks. Each 
ration (treatment) had six pens (replicates), and the birds of 
each pen were fed a single ration during the entire course of 
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the experiment. 
Two physical relationships were used alternatively in 
deriving broilers gain production surface per bird. According­
ly, fourteen of the 28 production function estimates are 
expressing broilers liveweight response as a function of 
variable quantities of corn and soybean (the feed-stuff gain 
surface estimated by Equations l.a-4.a, l.b-4.b, 9.a-ll.a and 
9.b-ll.b). The other fourteen equations express the same 
phenomenon as a function of variable quantities of metaboliz-
able energy and crude protein (i.e., the nutrient gain surface). 
Two procedures were used in collecting the observations of 
successive cumulative gains and the relevant consumed feed 
variables. Thus, the data was collected as two separate sets; 
one set was obtained at the prespecified levels of 6, 12, 18, 
24, 30, and 36 kilograms of feed consumption per pen (the fixed 
feed approach); and the second set was collected after the 
second, fourth, sixth, seventh, and eighth week of feeding 
periods (the fixed time approach). 
While autocorrelation was the only estimation problem 
pertinent to the set of data derived by following the fixed 
feed approach, both problems of autocorrelation and random 
variables were simultaneously encountered in estimating the 
gain functions derived from the data set collected by following 
the fixed time approach. 
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Two steps of data adjustments were necessary before 
running the regression analysis. A linear transformation of 
the original observations to eliminate the dependence of the 
residuals (random error terms) associated with multiple gain 
observations taken from the same experimental unit and an 
averaging operation over the six replicates receiving the same 
ration at a given feeding period. The averaging operation, 
however, was made first, then the transformation was performed 
on the means of each of the relevant variables. 
According to the nature of the physical relationship used, 
namely the feed-stuff gain surface and the nutrient gain 
surface, the 28 estimated regression equations can be grouped 
into two classes of 14 equations each. Each one of these 
classes can be divided into two sub-classes (of 7 equations 
each) according to the procedure used in collecting the data, 
i.e., the fixed feed or the fixed time approaches. In turn, 
each sub-class of the estimated production function equations 
includes the following three groups; two quadratic equations 
fitted with and without intercept on the original nontrans-
formed data and likewise, two quadratic equations fitted to 
the transformed treatment means; and, three grafted quadratic 
equations, one fitted with intercept and the others expressing 
the two splices of the grafted quadratic function fitted with­
out intercept. 
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The split-plot model was used three times in the process 
of searching for a suitable transformation of the collected 
data. The values of the F ratios of the analysis of variance 
(AOV) of the split-plot model performed on the total cumulative 
gain observations of successive liveweight gain determinations 
were significant at the 0.001 level, as reported in Table 3; 
therefore, the hypothesis was accepted that successive weight 
determinations are correlated. Likewise, the F ratio of a 
similar AOV performed on the first difference of successive 
weight determinations was significant at the 0.001 level. Thus, 
it was concluded that the fijrst differences did not help in 
eliminating the dependence between the error terms associated 
with successive gain observations taken from the same experi­
mental unit. 
An auto-regressive scheme of the first order was used for 
regressing a series of deviations of the gain observations -
taken from a given pen - from the mean of the six replicates 
receiving the same treatment at the same point of time on the 
same series lagged one period. An autocorrelation coefficient 
estimate of 0.7 was obtained and used in transforming the data. 
The, F ratio of the AOV of these transformed data was not 
significant at the 10 percent level. This means that the last 
transformation did help in overcoming the problem of auto­
correlation. 
In general, the conventional quadratic function was fitted 
to 16 equations of the 28 broiler gain production function 
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estimates. Eight of these quadratic equations were fitted to 
the nontransformed collected data; the other eight were fitted 
to the properly transformed treatment means. The former eight 
equations were fitted without qualifications to show how the 
"t" values corresponding to the estimated regression coeffi­
cients were inflated in relation to the "t" values of the latter 
eight equations. This point was shown by contrasting Equations 
2.a and 2.b versus 3.a and 3.b respectively (Table 8). After 
all, the former "t" values are not validly precise tests 
because they do not follow the precise "t" distribution. 
Eight of the 16 conventional quadratic functions were 
fitted with an intercept; while the remainder was fitted with­
out an intercept. The reason for fitting the quadratic 
functions with and without an intercept is that a statistically 
significant intercept associated with a positive sign would 
cast some doubt with respect to the adequacy of the quadratic 
form in approximating the overall range of the estimated 
experimental surface. This rationale is hinged upon accepting 
the reasonable assumption that broilers would not gain weight 
and may rather loose weight if they are not fed; hence, the 
expected intercept should be either zero or negative. 
Some doubt was casted about the adequacy of the convention­
al quadratic production function fitted on the transformed 
means since Equation 3.a, 3.b, 7.a, and 7.b have positive 
intercepts which are significant at the 5% level or higher 
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levels. In the next step a more objective evaluation of the 
adequacy of the conventional quadratic form was made by per­
forming a lack-of-fit test to see whether or not the other 
four equations fitted without intercepts on the transformed 
treatment means would adequately approximate the feed-stuff 
and the nutrient gain surfaces estimated via the fixed feed or 
the fixed time approaches, i.e.. Equation 4.a, 4.b and 8.a and 
8.b. These four equations failed the lack of fit test since 
the F ratios of Table 10 is significant at 5% or higher levels. 
These results lead to the conclusion that the conventional 
quadratic form is not an adequate approximation of the experi­
mental broiler gain surface. 
The procedure of grafting the quadratic function was 
followed and the remaining 12 production function estimates 
were obtained. Following the classification mentioned above, 
these 12 equations can be classified in four subclasses where 
each sub-class includes three regression equations of which one, 
fitted with intercept, is positive but not significant at the 
5% level and of which the others, fitted without intercept, 
correspond to the two splices of the grafted quadratic function. 
The lack of fit test was performed on the grafted quadrat­
ic function fitted without intercept (i.e.. Equations 10.a, 
10.b, 13.a and 13.b); the F ratio of Table 13 showed that these 
four grafted quadratic functions passed the lack of fit test 
since the F values are not significant at the 10% level. 
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In general, these last four grafted quadratic functions 
are the estimated equations to be used in the subsequent 
economic analysis of the next chapter. However, in particular, 
only the second region of these grafted quadratic production 
functions will be used for prediction since they correspond to 
the minimum feasible marketable liveweight per broiler (i.e., 
at least 2.5 lbs.). The estimated regression coefficients of 
the grafted quadratic equations of feed stuff production 
functions derived via the fixed feed approach and the fixed 
time approach (i.e.. Equation 11.a and 11.b, respectively) and 
grafted quadratic Equations 14.a and 14.b of the nutrient 
production functions derived via the fixed feed and fixed time 
approaches are given below; 
G = .141689 + .510445 C + 1.026172 S - .018095 
- .160019 + .034306 CS (21) 
G = .154010 + .495288 C + 1.102757 S - .014830 
- .148664 - .001052 CS (22) 
G = .105874 + .187428 M + 1.549744 P - .03187 
- 1.998786 + .459294 MP (23) 
G = .255120 + .144630 M + 1.535269 P - .010457 
- 1.009545 P^ + .172612 MP (24) 
Other equations used for prediction: Time function of the new 
experiment (See Appendix C for details) 
T = 14.63190 /C + 10.458876 /S + 4.107276 C 
+ 6.611326 S - 7.282313 /CS . (25) 
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Re-estimated gain functions of the old experiment: 
a) Equation of the feed-stuff gain function 
G = 0.462069 C + 0.673368 S - 0.019968 
- 0.068021 - 0.0003868 CS (26) 
b) Regression equation of the nutrient gain function 
G = 0.263176 M + 0.598683 P - 0.011233 
- 0.353927 + 0.077121 MP (27) 
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CHAPTER V. ECONOMIC IMPLICATIONS 
Liveweight gain production functions estimated in the 
previous chapter have important bearing on cost relationships 
in broiler production. 
The chief objectives of this dissertation are to specify 
the economic optima in broiler rations and to provide a rough 
indication of the achieved progress in feeding efficiency 
attributed to the advancements in breeding recent strains of 
broilers. 
In attaining these general objectives, this chapter has 
the following specific objectives; 
1) To use the estimated production functions in deriving 
the isogain contours, and hence to investigate the Corn-Soybean 
as well as the protein-energy substitution relationship when 
meat output is constant; 
2) To determine the lowest-cost combinations of feed 
variables for any given level of output through the derivation 
of iscoline equations under different price situations; 
3) To estimate the magnitude of the shifts of the iso-
quants (iso-gain curves) and the total cost of feeding a 
broiler to produce certain levels of liveweight gain on the 
basis of the findings of the new experiment in relation to 
those of the old experiment. 
4) To illustrate how the specification of least-cost combi­
nations could be extended from the two feed stuff case to the 
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multiple feed stuff case through the application of quadratic 
programming. 
Technical Comparisons of Basic Production 
Function Quantities 
Since the gain production surface has 3 dimensions, iso­
gain curves can be constructed in two dimensions by holding 
liveweight gain per broiler at a certain level, Gq, and 
expressing the consumption of one feed input as a function of 
the other in analogy to Equation 6. Thus, four successive 
isogain contours were derived from the second segment of each 
of the grafted polynomial surfaces of the new experiment. 
These isoquants were constructed by setting the value of Gq 
respectively at the levels of 2.5, 3.0, 3.5, and 4.0 pounds of 
gain per bird. 
The selected gain range conforms roughly with existing 
broiler marketing conditions. Since it is unlikely that a 
broiler weighing less than 2.5 lbs. would be acceptable by the 
processing plants, on the other hand, 4.0 lbs. of liveweight 
gain approximately coincides with the observed upper bound of 
marketable liveweight per bird (78 and 94). However, it should 
be noted that in predicting the 4 pounds isogain contour, a 
slight extrapolation (i.e., about 0.40 lbs.) is made beyond 
the final average weight of the birds at the termination of the • 
new experiment. Nevertheless, maintaining this arbitrary 
magnitude of extrapolation for the old experiment would allow 
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only for the derivation of the highest isogain contour 
referring to 3.5 lbs. of gain per bird, hence 2.0 pound iso-
quants were derived instead of those corresponding to 4.0 
pounds of gain. 
Now recall that, in all, six regression equations were 
estimated in the last chapter for two alternative physical 
expressions of the gain surface (the feed-stuff production 
function and the protein-energy production function). Accord­
ingly, two sets of isoquant maps were derived where each set 
contains 3 maps and each map includes four isogain contours. 
The nature of the feed-stuff gain isoquant maps 
The first set of contour maps corresponding to the feed­
stuff gain isoquants were computed from the estimated gain 
functions (i.e.. Equation 21 and 22 of the new experiment which 
are respectively derived via the fixed feed and the fixed time 
approaches and Equation 26 of the old experiment) by means of 
the following isoquant equations: 
C = (.510445 + .034306S) (0.036190)"^ 
+ [(.510445 + .0343068)2 - 4(0.18095)(Gg + .1600193^ 
- 1.026172S)(0.036190)"^ (28) 
C = (.495288 - 0.001052S)(0.002104)"^ 
+ [(.495288 - 0.0010528)2 - 4(0.013830)(G^ + .1486648^ 
- 1.1027578) ]l/2(,oo2104)"l (29) 
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C = (.462069 + 0.003868S) (.039936)"^ 
+ [(.462069 + 0.0038688)2 - 4(0.019968)(G. + .0680215^ 
— u 
-  . 6 7 3 3 6 8 S ) 0 3 9 9 3 6 ) " ^  ( 3 0 )  
where each isoquant function shows the various combinations of 
consumed corn (C) and soybean (S) required to produce a given 
gain level per bird. The coordinates of selected points along 
every successive isoquant of each of the above equations are 
presented in the same order in Tables 14, 15, and 16, then 
consecutively plotted in Figures 3, through 5, and finally 
compiled in Figure 6. Figure 6 is depicted by superimposing 
the isoquant maps of its immediately 3 preceding figures as 
an aid in visualizing two things: to compare the nature of the 
contour maps obtained from both approaches of the new experi­
ment, and to get some idea about the technological shift of 
similar isoquants (of the old and the new experiment) caused 
mainly by breeding advancement. 
In general. Figure 6 shows consistent pattern of the 
underlying isoquant maps in the sense that, in all cases the 
isogain contours are convex toward the origin. Furthermore, 
the negative slope of the isogain curves at any given point 
(with the exception of a small portion of the extrapolated 3.5 
pounds isoquant of the old experiment) indicates diminishing 
substitution rates between the feed stuffs. The implication 
is that the estimated portion of the corn-soybean contours 
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Table 14. Selected isogain schedules, derived from Equation 
28, to show possible combination of soybean and 
corn consumption per broiler of the new experiment 
(fixed feed approach) 
Associated lbs. of corn consumption to produce 
four different gain levels 
lbs. 
of 2.5 lbs. 3.0 lbs. 3.5 lbs. 4.0 lbs. 
soybean of gain of gain of gain of gain 
0.5 4.1695 5.5943 7.2926 
0.6 3.9114 5.2824 6.8916 8.9354 
0.7 3.6716 4.9957 6.5299 8.4249 
0.8 3.4487 4.7311 6.2014 7.9789 
0.9 3.2411 4.4864 5.9014 7.5831 
1.0 3.0477 4.2597 5.6264 7.2282 
1.1 2.8676 4.0495 5.3734 6.9074 
1.2 2.6998 3.8545 5.1403 6.6157 
1.3 2.5436 3.6734 4.9251 6.3495 
1.4 2.3983 3.5054 4.7263 6.1057 
1.5 2.2634 3.3495 4.4526 5.8821 
1.6 2.1382 3.2051 4.3728 5.6766 
1.7 2.0224 3.0716 4.2160 5.4877 
1. 8 2.9482 4.0713 5.3140 
1.9 2.8346 3.9281 5.1544 
2.0 2.7302 3.8157 5.0079 
2.1 2.6346 3.7035 4.8736 
2.2 3.6009 4.7509 
2.4 3.5077 4.6391 
2.4 3.4233 4.5376 
2.5 3.3474 4.4458 
2.6 3.2797 4.3635 








Figure 3. Selected four levels of gain isoquants predicted 
from the second region of the grafted quadratic 
function (Equation 28 derived from the fixed 
feed data of the new experiment) 
(The numbers on the left of each isoquant refer 
to specified levels of gain per broiler) 
Pounds of corn per broiler 
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Table 15. Selected isogain schedules, derived from Equation 
29 to show possible combinations of soybean and corn 
consumption per broiler of the new experiment 




Associated lbs. of corn consumption to produce 









0.5 4.2416 5.6799 7.3371 9.3603 
0.6 3.9907 5.3975 7.0067 8.9439 
0.7 3.7523 5.1304 6.6971 8.5608 
0.8 3.5272 4.8777 6.4063 8.2065 
0.9 3.3104 4.6385 6.1328 7.8776 
1.0 3.1057 4.4120 5.8754 7.5714 
1.2 2.9112 4.1976 5.6329 7.2855 
1.3 2.7266 3.9945 5.4044 7.0184 
1.4 2.5514 3.8024 5.1890 6.7684 
1.5 2.3853 3.6206 4.9861 6.5342 
1.6 2.2280 3.4489 4.7950 6.3150 
1.7 2.0792 3.2868 4.6151 6.1096 
1. 8 1.9386 3.1340 4.4460 5.9174 
1.9 1.8060 2.9901 4.2872 5.7377 
2.0 1.6813 2.8550 4.1384 5.5698 
2.1 2.7283 3.9992 5.4132 
2.2 2.6098 3.8693 5.2676 
2.3 2.4994 3.7484 5.1324 
2.4 3.6363 5.0073 
2.5 3.5327 4.8920 
2.6 3.4375 4.7863 
2.7 3.3505 4.6899 
2.8 3.2716 4.6025 
2.9 3.2005 4.5240 






Figure 4. Selected four levels of gain isoquants predicted 
from the second region of the grafted quadratic 
function (Equation 29 derived from the fixed 
data of the new experiment) 
(The numbers on the left of each isoquant refer 
to specified levels of gain per broiler) 
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Table 16. Selected isogain schedules, derived from Equation 30 
to show possible combinations of soybean and corn 
consumption per broiler of the old experiment 
Associated lbs. of corn consumption to produce 
*] four given gain levels 
of 2.0 lbs. 2.5 lbs. 3.0 lbs. 3.5 lbs 
soybean of gain of gain of gain of gain 
0.5 4.5503 6.6678 
0.6 4.3444 6.3803 10.3738 
0.7 4.1484 6.1134 9.5019 
0.8 3.9614 5.8642 8.9158 
0.9 3.7830 5.6306 8.4481 
1.0 3.6125 5.4109 8.0508 
1.1 3.4494 5.2036 7.7022 
1.2 3.2934 5.0077 7.3901 
1.3 3.1441 4.8221 7.1068 
1.4 3.0011 4.6460 6.8471 
1.5 2.8621 4.4789 6.6075 
1.6 2.7329 4.3200 6.3851 10.9024 
1.7 2.6073 4.1689 6.1778 9.8923 
1.8 2.4870 4.0251 5.9839 9.3345 
1.9 2.3718 3.8882 5.8023 8.9082 
2.0 2.2615 3.7579 5.6316 8.5545 
2.1 2.1560 3.6339 5.4712 8.2493 
2.2 2.0552 3.5158 5.3201 7-9798 
2.3 1.9589 3.4036 5.1777 7.7384 
2.4 1.8669 3.2968 5.0436 7.5198 
2.5 3.1954 4.9171 7.3205 
2.6 3.0992 4.7980 7.1380 
2.7 3.0079 4.6857 6.9701 
2.8 2.9215 4.5801 6.8153 
2.9 2.8398 4.4809 6.6725 
3.0 4.3877 6.5406 
3.1 4.3004 6.4187 
3.2 4.2188 6.3062 
3.3 4.1427 6.2026 
3.4 4.0719 6.1072 
3.5 4.0064 6.0198 
3.6 3.9459 5.9400 
3.7 3.8904 5.8674 
3.8 3.8399 5.8019 
3.9 3.7941 5.7431 
4.0 3.7531 5.6910 
Figure 5. Selected four levels of gain isoquants predicted 
from the reestimated quadratic function of the 
old experiment (Equation 30) 
(The numbers on the left of each isoquant refer 






















0.5 1.0 1.5 2.0 
Pounds of soybean per broiler 
2.5 
Figure 6. Superimposed isogain contour maps of the three 
preceding figures 
(The numbers on the left and right of each 
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1 . 0  
Old isoquants. Equation 26 
New isoquants. Equation 22 
(fixed time) 
New isoquants. Equation 21 
(fixed feed) 
0.5 1.0 1.5 2.0 
Pounds of soybean per broiler 
2.5 
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falling within the limits of either the old or the new experi­
ment belong to the rational economic region bounded by the 
ridge lines. Figure 6 also implies that the rate of change of 
the slope along any particular isoquant (i.e., —y) is 
as 
increasing as the isoquants move further from the origin in the 
northeast direction of the plane. 
It is of particular interest to notice two points; 
(a) By contrasting identical gain levels of the isoquants 
of the new experiment, it is seen that the corn-soybean combina­
tions of the fixed-feed surface are, in general, less than 
those of the fixed time surface. Despite the fact that the 
discrepancy of the locations of the underlying contour pairs 
is small, yet the gap is relatively wider the higher the level 
of the gain isoquants. Consequently, the fixed time gain sur­
face described by Equation 22 (whose interaction coefficient is 
negative) slightly under-estimate the efficiency of the experi­
mental broilers in their utilization of feed inputs to achieve 
a particular gain level. However, such differences are 
expected since the residual mean square of Equation 22 of the 
fixed feed gain surface (with a positive interaction coefficient) 
is smaller than the one corresponding to Equation 21. 
(b) By contrasting identical gain levels of the isoquants 
of the new and the old experiment one should not only notice 
the downward shift of the locations of these contours, but also 
that the magnitude of the shift is bigger the higher the gain 
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level. Clearly, the magnitude of technological shifter is 
tangible to the extent that the discrepancy between both con­
tour maps of the new experiment may be regarded as negligable. 
A first glance at Figure 5, reveals that production of 3 
pounds of liveweight gain per bird of the new experiment saved 
about one third of the consumed amount of feed required to 
reach the same gain level per broiler of the old experiment. 
Another rough indicator of improving broiler feeding efficiency 
is the increment of one pound of liveweight suggested by the 
closeness of the 4 pound isoguant of the new experiment to the 
3 pound contour of the old one. 
Marginal rates of substitution between soybean and corn 
In general terms, the marginal rate of substitution of 
soybean for corn, MRS^y^, along a given isogain contour may be 
defined as the pounds of corn replaced by an additional pound 
of soybean. However, was computed as the first deriva-
dC 
tive, gg, of the feedstuff isoguant equation, i.e.. Equations 
28, 29 and 30. More specifically, ^  was solved for at the 
intersection points between a particular isogain level (i.e., 
2.5 lbs. and 3.0 lbs. of grain) and eleven selected ration 
vectors^. 
A ration vector is a scale line defined by a fixed corn-
soybean ratio corresponding to a given percentage of crude 
protein in the ration. 
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Tables 17 and 18 include data-related to each of the 
specified intersection points showing the associated quantities 
of corn and soybean, their marginal gain products and the rates 
at which soybean substitutes for corn. Comparing the left half 
side to right half side of the same table provide more informa­
tion about the differences between Equations 28 and 29 than the 
the visual comparison based on Figure 5. For example. Table 18 
shows that if a broiler of the new experiment was fed on a 19 
percent protein ration to attain 3 pounds of liveweight gain, 
then a pound of soybean would replace 2.0803 pounds of corn. 
But under similar conditions a pound of soybean would replace 
only 1.6101 pounds of corn for a broiler of the old experiment. 
The same table also indicates that, with 26 percent of protein 
in the ration, an additional pound of soybean would replace 
0.9370 and 0.4685 pounds of corn for broilers of the new and 
the old experiment respectively. 
Tables 17 and 18 illustrate why the marginal rate of 
substitution of soybean for corn declines as relatively more 
protein is contained in the ration used for producing a certain 
gain level. It is seen from these tables that the higher the 
protein percentage in the ration the lower the quantities of 
corn and the higher the quantities of soybean. However, 
although the marginal gain product functions for either corn or 
soybean, as single variables, are both decreasing functions, 
yet the marginal productivity of soybean (MP^) is diminishing 
Table 17. Comparisons of the intersection points along 2.5 pounds gain isoquants and 
selected rations for the new and the old experiments 











































































































































^Figures derived from production function Equation 11.b computed from the "Fixed 
Feed" observations. 
^Figures derived from production function Equation 26. 
Table 18. Comparisons of the intersection points along 3.0 pounds gain isoquants and 
selected rations for the new and the old experiments 
















































































































































^Figures derived from production function Equation 11.b computed from the "Fixed 
Feed" observations. 
^Figures derived from production function Equation 26. 
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as more soybean is used whereas the marginal productivity of 
corn (MP ) is increasing as less corn is used. Since the MRS -
c s/ 
is the quotient of MP^/MP^ it declines as the numerator gets 
smaller and the denominator gets larger. 
The nature of the energy-protein isogain maps 
The second set of isogain maps corresponds to the energy-
protein functions, i.e.. Equations 23, 24, and 27. Keeping the 
order of these functions intact, the algebraic counter part of 
their corresponding isogain curves can be respectively written 
as: 
M= (.187428 + .459294P) (0.063756) 
+ [(.187428 + .459294P)^ - 4(0.031878) 
(Gq + 1.998786p2 - 1.549744P)]l/2 (.063756)(31) 
M = (.144630 + .172612P) (.020914)"^ 
+ [(.144630 + .172612P)2 - 4 (.010457) 
(Gq + 1.998786p2 - 1.53269P)]l/2 (.020914)"^ (32) 
M = (.263176 + 0.077121P) (-.022466)"^ 
+ [(.263176 + 0.077121P)2 - 4(.011233) 
(Gq + 353927p2 - .598683P)]l/2 (.022466)"^ (33) 
where these isogain contours now show various combinations of 
metabolizable energy (M) and crude protein (P) necessary for 
producing any specified gain level. The tabular version of the 
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second set of isoquant equations are given in Tables 19, 20 and 
21, while their graphical configuration is shown in Figure 7. 
The energy-protein isogain maps take into consideration 
the provisions of metabolizable energy and crude protein 
furnished by corn and soybean as well as the other minor 
ingredients included in the rations. Conceptually, these maps 
would provide better description of the locations of the gain 
contours of the old and the new experiments. However, if the 
new experiment were designed only for the purpose of investi­
gating the effect of breeding improvement, then all other 
things should be kept equal, e.g., the nutritional aspects of 
both experiments should be the same. But it should be recalled 
that although the crude protein levels used in both feeding 
trials are fairly close yet the rations fed in the new experi­
ment were isocaloric whereas those of the old experiment were 
not. Figure 7 still suggests that the locations of the 
selected gain isoquents have been shifted downward in the south­
west direction of the plane. Specifically, the 3.0 pounds iso­
quant of the old experiment is located between the 3.5 and the 
4.0 pounds isoquants of the new e:^eriment. Furthermore the 
isogain curves of the new experiment describing 3.0 and 4.0 
pounds levels are respectively located below the 2.5 and 3.5 
pounds gain levels of the old experiment. 
In the same time it becomes more difficult to partition 
these shifts into the shares attributed to the genetical effect 
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Table 19. Selected isogain schedules, derived from Equation 
31 to show possible combinations of crude protein 
and metabolizable energy consumed per broiler of the 
new experiment 
Associated kilocalories of metabolizable energy 
Crude to produce four given gain levels 
protein 2.5 lbs. 3.0 lbs. 3.5 lbs. 4.0 lbs 





1.05 6.2620 9.2948 
1.10 6.3327 8.6621 
1.15 6.3389 8.3639 
1.20 6.3743 8.1991 
1.25 6.4337 8.1125 
1.30 6.5134 8.0791 10.8310 
1.35 8.0854 10.3653 
1.40 8.1225 10.1353 
1.45 8.1849 10.0149 
1.50 8.2684 9.9620 
1.55 8.3699 9.9566 12.8682 
1.60 9.9568 12.3735 
1.65 10.0454 12.1483 
1.70 10.1273 12.0384 
1.75 10.2288 11.9977 
1.80 10.3471 12.0048 
1.85 10.4802 12.0477 
1.90 10.6263 12.1189 














Table 20. Selected isogain schedules, derived from Equation 
32 to show possible combinations of crude protein 
and metabolizable energy consumed per broiler of the 
new experiment 
Associated [ kilocalories of metabolizable energy 
Crude to produce four given gain levels 
protein 2.5 lbs. 3.0 lbs. 3.5 lbs. 4.0 lbs 
lbs. of gain of gain of gain of gain 
0.90 7.6522 
1.00 7-0790 
1.10 6.7449 9.8514 
1.20 6.5685 8.9136 13.7448 
1.30 6.5071 8.7423 12.3138 
1.40 6.5351 8.6907 11.6278 
1.50 6.6355 8.7313 11.2552 
1.60 6.7966 8.8460 11.0706 14.2819 
1.70 7.0096 9.0225 11.0164 13.8198 
1.80 7.5662 9.2516 11.0606 13.5917 
1.90 9.5269 11.1829 13.5158 
2.00 9.8427 11.3696 13.5504 
2.10 11.6109 13.8604 
2.20 11.8996 14.1083 
2.30 12.2302 14.4063 
2.40 12.5981 14.7481 
2.50 12.9999 15.1290 
and the nutritional effects. At any rate, this is a contro­
versial issue hinging upon the biological concept of balanced 
energy protein ratio (e.g., what is the best balanced ratio?) 
and other technical aspects which are beyond the scope of this 
study. However, Figure 7 suggests an interesting point from 
an economic point of view, namely, that the contours of the 
new experiment possess positively sloped portions where the 
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Table 21. Selected isogain schedules, derived from Equation 
33 to show possible combinations of crude protein 
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Figure 7. Comparisons of energy-protein isogain contour 
maps derived from isogain Equations 30, 31 and 
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gain levels are greater than or equal to 3.0 pounds. These 
upward sloping isoquant segments are falling outside the 
rational economic region. Evidently, the marginal gain product 
of a unit of crude protein (MP^) is diminishing rapidly as 
relatively more protein is included in the rations. Yet it 
(MPp) remains positive (i.e. > 0) along the downward sloping 
segment of the isogain, is equal to zero where a ridge line 
intersects the gain contour, and finally becomes negative at 
any point to the right of the ridge line. Thus along the 
increasing portion of a given isoquant, metabolizable energy 
and crude protein complements instead of substitutes for each 
other. Conversely, the substitution relationship holds through­
out the entire estimated range of the gain contours of the old 
experiment as well as the negatively sloped portions of the 
higher isogain contours of the new experiment. 
The foremost criticism of the estimated energy-protein 
functions and their corresponding isogain maps is that in 
either experiment they estimate a small portion of the gain 
response surface. However in spite of this admitted shortcoming; 
production function Equation 23 of the new experiment will be 
used later in providing an illustrative example of applying 
quadratic programming where more than two feedstuffs are 
included in formulating broiler rations. 
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Economic Solution of the Feed Mix Problem 
In some producing areas, broilers are purchased by proces­
sors under rather definite weight requirements. Thus, the most 
profitable weight to market liveweight broilers is of little 
interest to the growers. They are more concerned with the 
specification of the least-cost ration that produce a given 
level of gain per bird. According to Luckham and Buck (78) and 
Roy and Baker (94) the range of marketing a liveweight broiler 
is from three to four pounds. Also, as Nixon and Henery (84) 
stated, "some managers are reluctant to consider changes in 
average size of broilers". 
Given the foregoing estimates of basic relationships such 
as: gain production functions, time functions, the derived iso-
quants and rates of substitution in feeding broilers; it is 
now possible to specify economic conditions for optimal broiler 
rations. These conditions will provide useful tools for 
decision-making purposes in light of the criteria of least-cost 
and least-time feed combinations. 
Initially, the analysis will consider determinations of 
the optimum combinations of 2 feedstuffs, corn and soybean, 
which minimize the cost of producing predetermined gain levels. 
Then, through the applications of quadratic programming the 
treatment will be extended to handle the more generalized case 
of least-cost ration specification where multiple feedstuffs 
are included in the rations. 
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Least-cost combination of corn and soybean 
Specification of the least-cost combinations of corn and 
soybean required to attain a given gain level (per broiler) is 
determined by equating the marginal rate of substitution of 
soybean for corn to the inverse price ratio (P^/P^). When this 
price ratio is equated to a particular value, , the above 
condition can be satisfied by solving the gain isocline equa­
tion, i.e., the line which connects points of equal marginal 
rates of substitutions on successive isogain contours. Equation 
34 expresses the isocline function which is derived from pro­
duction function Equation 21 of the new experiment and the 
fixed feed approach: 
1.026172 - 0.510445 + (0.320038 + 0.034306 OgiS 
^ ^  ^ 0.045406 - 0.046190 a. 
° (34) 
or 
1.  026172-0 .510445 a~ "Ô .320038+0 .034306 »ol 
0.  034306- 0 .036190 ttQ 0 .034306-0 .036190 
Each of the gain isocline equations stated above expresses 
corn consumption (C) as a function of soybean consumption (S) 
and Uq (i.e., the inverse price ratio P^/P^). The reason for 
rewriting Equation 34 is to emphasize the fact that it is a 
nonproportional linear function because this isocline equation 
is derived from a quadratic production function. Indeed, 
inspection of the right hand side of Equation 35 (the rearranged 
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equation) illustrates that the intercept and the slope of this 
linear isocline function are expressed respectively by the 
first and the second term falling between brackets. Thus, if 
Uq is held constant, solving for the values of (C) at different 
points along the same isocline will depend only upon the values 
of (S) at the desired points of intersections between the under­
lying isocline and some selected gain levels of successive 
contours. On the other hand, a family of isoclines correspond­
ing to Equation 34 can be obtained by changing the value of . 
Consequently, ten members of each isocline family are selected 
by assigning ten different values to the soybean-corn price 
ratio (Pg/P^) . 
At this point it should be noted that during the last two 
decades the price of soybean meal per pound was greater than 
the price of ground yellow corn per pound, with the exception 
of the year 1956 when both prices were almost the same. Hence, 
the ten values assigned to were chosen so that they would 
fall between the relative values of 0.8 and 2.6. The decision 
to choose the assigned ten values were made after reviewing the 
historical soybean and ground yellow corn prices reported in 
the U.S.D.A. publication entitled "Poultry and Egg Situation 
Supplementary Report" (112, p. 23). 
Predicted least-cost combinations of soybean and corn for 
the new experiment are solved for eight levels of gain along 
each, of the ten selected isoclines. Specifically, these gain 
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levels are from 2.6 to 4.0 pounds per broiler, with an incre­
ment of two tenths of a pound. 
Gain isocline Equation 33 and time function Equation 24, 
both of the new experiment, provide the estimated figures 
presented in Table 22. Each of the eighty least-cost solutions 
of soybean and corn combinations obtained from Equation 33 are 
substituted into Equation 24 to determine the corresponding 
length of the feeding periods. These feeding periods are 
expressed in terms of the number of days required to attain a 
particular gain level under a certain price ratio. 
Given the knowledge of a particular prevailing value of 
the soybean-corn price ratio and given the desired gain level 
to be attained, the least-cost combinations of soybean and corn 
(for the new experiment) can be specified (from Table 22) in 
the following manner: Assuming that the price of soybean is 
$3.60 per hundredweight ($72.00 per ton) and the price of corn 
is $2.00 per hundredweight ($1.12 per bushel), then the soybean-
corn price ratio is 1.8 (equivalently, the corn-soybean price 
ration is 0.5556); with this assumed price ratio, 3.0 pounds of 
gain per broiler can be produced at least-cost if the broiler 
is fed 1.258 pounds of soybean and 3.748 pounds of corn; con­
sequently, in this particular example, the corresponding 
estimated feeding period is 48.0 days. 
Table 22. Least-cost combinations of corn and soybean computed from the isocline 


























0.8 1.2500 1.828 •2.111 28.53 42.15 2.170 2.173 27.51 44.45 
1.0 1.0000 2.051 1.863 26.81 41.75 2.388 1.930 25.97 44.09 
1.2 0.8333 2.297 1.639 25.07 41.72 2.629 1.711 24.41 44.08 
1.4 0.7142 2.559 1.437 23.38 42.00 2.886 1.513 22.91 44.37 
1.6 0.6250 2.832 1.255 21.79 42.55 3.153 1.334 21.50 45.66 
1.8 0.5556 3.110 1.091 20.35 43.32 3.426 1.174 20.20 46.56 
2.0 0.5000 2.290 0.949 19.05 44.25 3.700 1.029 19.04 47.59 
2.2 0.4545 3.668 0.812 17.90 45.32 3.973 0.899 18.01 48.73 
2.4 0.4167 3.941 0.693 16.89 46.50 4.241 0.783 17.10 49.93 
2.6 0.3846 4.210 0.585 16.02 47.76 4.504 0.677 16. 30 51.19 


























 1.2500 2.518 2.236 26.65 46.72 2.874 2.301 25.90 48.97 
1.0 1.0000 2.731 1.999 25.25 46.40 3.083 2.067 24.63 48.69 
1.2 0.8333 2.968 1.784 23.85 46.41 3.314 1.858 23.37 48.73 
1.4 0.7142 3.220 1.590 22.50 46.71 3.560 1.668 22.16 49.06 
1.6 0.6250 3.481 1.415 21.24 47.25 3.816 1.497 21.02 49.56 
1.8 0.5556 3.748 1.258 20.08 47.97 4.078 1.344 19.98 50.27 
2.0 0.5000 4.017 1,116 19.03 48.85 4.340 1.205 19.03 51.12 
2.2 0.4545 4.284 0.989 18.10 49.84 4.602 1.081 18.18 52.08 
2.4 0.4167 4.546 0.875 17.27 50.93 4.858 0.969 17.43 53.12 
2.6 0.3846 4.804 0.772 16.54 52.08 3.111 0.868 16.76 54.23 


























0.8 1.2500 3.237 2.367 25.24 51.22 3.610 2.435 46.67 53.47 
1.0 1.0000 3.442 2.140 24.09 50.98 3.809 2.213 23.61 53.26 
1.2 0.8333 3.668 1.934 22.95 '51.35 4.030 2.012 22.58 53.34 
1.4 0.7142 3.909 1.749 21. 86 51.87 4. 265 1.831 21.59 53.66 
1.6 0.6250 4.159 1.582 20.83 52.56 4.510 1.668 20 .66 54.17 
1.8 0.5556 4.414 1.431 19.88 53.38 4 >759 1.521 19.80 54.84 
2.0 0.5000 4.671 1.296 19.03 54.31 5.010 1.389 19.02 55.64 
2.2 0.4545 4.927 1.174 18.25 55.31 5.259 1.270 18.32 56.53 
2.4 0.4167 5.178 1.065 17.56 56.37 5.504 1.163 17.69 57.50 
2.6 0.3846 5.424 0.966 16.97 57.47 5.745 1.067 17.12 58.51 


























0.8 1.2500 3.991 2.505 24.15 55.73 4.383 2.576 23.69 57.99 
1.0 1.0000 4.186 . .288 23.19 55.55 4.572 2.365 22. 82 57.85 
1.2 0.8333 4.401 2.092 22.25 55.65 4.782 2.174 21.96 57.97 
1.4 0.7142 4.630 1.915 21.35 55.97 5.005 2.002 21.14 58.29 
1.6 0.6250 4.869 1.756 20.51 56.48 5.238 1.847 20.37 58.79 
1.8 0.5556 5.112 1.613 19.73 57.13 5.475 1.707 19 .66 59 .43 
2.0 0.5000 5.357 1.484 19.02 57.90 5.713 1.582 19.02 60.17 
2.2 0.4545 5.600 1.368 18.37 58.77 5.950 1.469 18.43 61.00 
2.4 0.4167 5.839 1.264 17.89 59.69 6.183 1.367 17.90 61.89 
2.6 0.3846 6.074 1.170 17.28 60.66 6.411 1.276 17.42 62.82 
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It is worth noting that, other things being equal, if the 
soybean-corn ratio declines from 1.8 to 1.0 because of a 
reduction in the price of soybeans per pound and/or to an 
increase in the price of corn per pound, then the same gain 
level (3.0 pounds) can now be produced if a broiler is fed 
2.731 pounds of corn and 1.999 pounds of soybeans. Therefore, 
a lower soybean-corn price ratio means that the least-cost 
combinations of feed should include more soybean and less corn; 
hence, the corn-soybean consumption ratio should be reduced 
from 2.979 to 1.366. But, since soybean includes higher per­
centages of protein (47%) in relation to corn (which only 
includes 9% of protein), a combination of more soybean consump­
tion and less corn consumption means that a higher percentage 
of protein should be contained in the ration. Thus, in order 
to minimize the feed cost, the optimal least-cost ration 
pertinent to a price ratio equal to 1.0 should include approxi­
mately 25.25% of protein and should be fed to the broilers 
instead of the 20% protein ration corresponding to the 1.8 
price ratio. Consequently, when a broiler is fed on this higher 
protein ration, it will attain the 3.0 pounds of gain level in 
46.4 days instead of 48 days. 
Conversely, if the soybean-corn price ratio increases from 
1.8 to 2.6, then the production of 3.0 pounds of gain per 
broiler corresponds to a least-cost combination of 4.808 and 
0.772 pounds of corn and soybean respectively. Therefore, at 
a higher soybean-corn price ratio the least-cost feed 
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combination should include more corn and less soybean; the 
corn-soybean consumption ratio should rise from 2.979 to 6.223. 
Hence, the percentage of protein included in the optimal ration 
should be lowered approximately 20% to 16.54%. In turn, the 
reduction of the percentage of protein included in the optimal 
ration would cause an extension of the feeding period required 
to produce 3.0 pounds of gain from 48.0 days to 52.1 days. 
The above discussion provides three illustrative examples 
of specifications for least-cost combinations of corn and soy­
beans that should be consumed per broiler in order to attain 
3.0 pounds of gain level under three different price ratios. 
However, Table 22 provides eighty examples of similar optimal 
solutions corresponding to 8 gain levels and 10 price ratios. 
In general, these results indicate that, along any selected 
isogain level, corn should be substituted for soybeans as long 
as the soybean-corn price ratio is increasing and should be 
substituted up to the point where the marginal rate of substitu­
tion of corn for soybean (i.e., the slope of a particular point 
along a given isoquant) is equated to their inverse price ratio 
(i.e., the slope of the isocline). 
The economic rationale for minimizing the cost of feed 
consumption is based upon the feasibility of technical rate of 
substitution between corn and soybeans and the variation in 
their prices, and marginal productivities. Accordingly, 
economic recommendations of feed formulations would call for a 
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combination of absolute amounts of corn and soybeans and, 
hence, a specified level of protein-ration that would be dif­
ferent under various prices of feed ingredients or different 
levels of produced gain. These considerations distinguish 
economic recommendations from strictly nutritional recommenda­
tion stated in terms of a unique standard of protein level 
regardless of gain levels, prices, or marginal productivity 
considerations. But it should be emphasized that 1) each one 
of these 80 least-cost combinations, presented in Table 22, is 
an estimated solution of the total cumulated quantities of corn 
and soybeans that should be consumed if the broiler is fed on 
a single specified protein ration from the hatching day until 
it attains a certain level, and 2) each of these combinations 
of the total cumulated quantities of corn and soybeans requires 
a different length of feeding period. 
Least-cost versus least-time rations 
Now, if the fact that time is an important production 
factor is taken into account, it is possible to contrast least-
cost and least-time rations. The question beforehand is which 
one of the so called least-cost rations specified under the 
various price ratios of Table 22 is indeed the best ration in 
saving the required time for feed consumption? 
The estimated time function (Equation 25) is used to 
determine the time required to consume various quantities of 
corn and soybean which produce a particular gain level per 
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broiler. The estimated time requirements (in days) are given 
in column 6 and 10 of Table 22. Evidently, higher gain levels 
require more time to allow for the consumption of larger 
quantities of feed intake. However, the major implications to 
be drawn from Table 22 are that, in general, the production of 
a certain gain level per broiler would require a longer time 
period if a broiler is fed a lower protein ration instead of a 
higher protein ration. Furthermore, the ration which requires 
the minimum feeding period (the least-time ration) tends toward 
higher protein levels, especially for lighter and younger 
broilers. However, if there are significant differences between 
the least-cost and the least-time rations, the difference must 
first be demonstrated under conditions of a fairly high soybean 
price in relation to the corn price because the lower the soy­
bean price ratio the higher the protein level in the least-cost 
ration and, hence, the smaller the time requirement for feed 
consumption. 
A review of Table 22 shows that a difference in feeding 
periods of 6.1, 5.7, 5.4, and 5.0 days exists between the least-
time rations and the least-cost rations (of the highest price 
ratio) that should be consumed to produce respectively 2.6, 
3.0, 3.4, and 4.0 pounds of gain per broiler. It should be 
emphasized that, although the maximum time difference is less 
than one week, the time difference would only prevail under an 
exceptionally high price of soybeans and exceptionally low price 
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of corn. For example, the highest soybean-corn price ratio 
(2.6) would result if the price per pound of soybean is 5.2 
cents ($104 per ton) and the price per pound of corn is 2.0 
cents ($1.12 per bushel), or when the price per pound of soy­
bean is 3.8 cents ($76 per ton) and the price per pound of corn 
is 1.46 cents ($0.82 per bushel). But, if the prevailing price 
of 3.60 cents per pound of soybeans were matched with the price 
of 2.0 cents per pound of corn, then the corresponding soybean-
corn price ratio would be equal to 1.8. Indeed, this particular 
price ratio is closely conforming to the actual price ratio 
realized in the late months of 1968. Under the assumption of 
a soybean-corn price ratio of 1.8, the comparison between the 
least-cost and least-time rations shows that the differences in 
the time requirements would be reduced to approximately one day 
and a half. This reduction is true for producing any gain 
level between 2.6 and 4.0 pounds per broiler. The important 
conclusion to be drawn from the foregoing analysis is that, 
under fairly normal prices of soybeans and corn (i.e., in the 
neighborhood of the median price ratio of Table 22), there are 
no significant differences in the length of the feeding periods 
required to produce a given marketable gain level if broilers 
are fed on the least-cost or the least-time rations. 
Assuming a fairly normal soybean-corn price ratio (i.e., 
a price ratio.equal to 1.8), the following part of the analysis 
of the least-cost and the least-time criteria will provide a 
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more comprehensive contrast of the least-cost versus the least-
time rations with respect to some further characteristics re­
lated to the following questions: 
1) What is the magnitude of the differences between the 
percentage of protein that should be included in the least-cost 
ration and the least-time ration when the broilers are fed on 
either one to produce a particular gain level per broiler? 
2) Taking into account the fact that the stomach capacity 
of a broiler determines the ceiling of the maximum quantity of 
feed consumption per broiler, would the broilers by able to 
adjust their feed consumption to actually consume enough more 
of the "poorer" low-protein ration? 
3) What is the difference in dollars between the feed 
cost of the least-cost ration and the least-time ration if it 
is desirable to produce 10,000 broilers of a specific live-
weight? 
The answers•to these questions may best be attained with the 
aid of Table 23. Most of the information presented in Table 
23 is taken from Table 22. However, the new features of the 
former table are the two additional columns entitled respec­
tively feed consumption per broiler (in pounds) and feed cost 
per 10,000 broilers (in dollars). 
Now, recall that the isocline equation only solved for the 
quantities of corn (x^) and soybeans (Xg) that should be 
consumed'in order to produce a certain gain level per broiler. 
Table 23. Comparison between some characteristics of least-cost and least-time 
rations 
Least-cost rations Least-time rations 
Gain Feed % and Cost of Feed % Cost of 
level/ consumption/ lbs. of Time feeding consumption/ Protein Time feeding 
broiler bird protein days 10,000 bird days 10,000 
broilers birds 
lbs. lbs. $ lbs. $ 
(1) (2) (3) (4) (5) (6) (7) (8) 
2.6 4.8212 20.35 43.32 1374.97 4.6163 25.07 41.72 1398.17 
.9797a 1.1573^ 
2.8 5.2747 20.20 46.56 1501.51 5.0739 24.41 44.08 1524.25 
1.0655 1.2385 
3.0 5.7375 20 .08 47.97 1627.86 5.5522 25.25 46.40 1685.34 
1.1934 1.4019 
3.2 6.2103 19.9 8 50.27 1759.83 6.0289 24.63 46.69 1816.08 
1.2408 1.4849 
3.4 6.6937 19.88 53.38 1844.77 6.5164 24.09 50.98 1949.76 
1.3307 1.5698 
3.6 7.1885 19.80 54.84 2035.50 7.0153 23.61 53.26 2086.58 
1. 4233 1.6563 
3.8 7.6080 19.73 57.13 2176.95 7.5265 23.19 55.55 2226.77 
1.5183 1.7454 
4.0 8.2155 19.66 59.43 2322.07 8.0510 22.82 57.85 2370.60 
1.6152 1.8372 
% of column (1) 
to column (5) 
% of column (2) 






column (6) and (8) 
$ 
104.43 84.65 4.72 23.20 
103.95 86.03 4.21 22.74 
103.33 85.12 4.17 57.48 
103.00 83.56 4.65 56.25 
102.72 84.76 4.21 54.99 
102.46 85.93 3.61 51.08 
102.24 86.98 3.46 49.82 
102.04 87.91 3.16 48.53 
^Absolute amount of crude protein (in pounds) 
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However, the feed rations used in the new experiment also 
included soyoil (x^) and a constant additive feed mix per 
hundredweight (x^). Therefore, it is necessary to solve for 
the unknown quantities of the latter two ingredients before the 
total feed intake (F) of any particular ration can be specified. 
Determination of the total feed intakes presented in column 1 
of Table 23 is based on the following computational steps: 
1) Two additional independent equations are used in con­
junction with the isocline equation in order to solve for the 
two unknowns, and ; these two additional equations are 
specified from the two constraints inçosed on the formulation 
of the used experimental rations, namely, 
a) the restriction that the additive feed mix is 10.5 
pounds per hundredweight of each ration, or equivalently 
0.105 ^ + 0.105 Xg + 0.105 - 0.895 = 0 
and 
b) the restriction that all used rations are isocaloric 
which means that the quantities of the four ingredients which 
make up any single ration should provide exactly 1.42 kilo-
calories of metabolizable energy per pound of the ration; this 
constraint can be written 
i 
where a^^ is the provision of the metaboli zable energy furnished 
per one pound of the ith ingredient, and i = 1, 2, 3, 4; 
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0.110 - 0.280 Xg + 2.780 x^ - 0.6952 x^ = 0; 
2) by substituting the solutions of x^ and ^2 obtained 
from the isocline equation into these two linear restrictions, 
x^ and x^ can be solved for simultaneously; and 
3) finally, the total feed intake per broiler can be 
determined as the sum of the pounds consumed of each of the 
four ingredients (i.e., F = Zx\). 
Given the knowledge of the price per pound of each of 
these four feed ingredients, the total feed cost of producing 
a flock of 10,000 broilers of a particular liveweight can be 
easily determined after solving for the quantities of the 
ration's ingredients that should be fed per broiler. The feed 
cost figures presented in the fifth and the ninth columns of 
Table 23 are obtained under the assumption that the per pound 
price of corn, soybeans, soyoil, and the additive mix are 2.0, 
3.6, 8.0, and 6.11 cents respectively. 
Table 23 indicates that the magnitude of the difference 
between the percentage of protein that should be included in 
the least-cost ration and the least-time ration is approximately 
4.02%, on the average. The range of these differences is from 
3.16 to 4.72% where 4.0 and 2.6 pounds of gain per broiler are 
produced respectively. In general, the difference in the per­
centage of protein tends to be smaller the heavier the weight 
(in pounds) of the produced broilers. The absolute amounts 
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(in pounds) of consumed crude protein that should be utilized 
if the least-cost ration is fed tend to increase from 87.91 to 
88.85 percent of the absolute amounts of crude protein that 
should be consumed if the least-time ration is fed. Thus, the 
difference in the absolute amount of consumed crude protein 
between the least-time and the least-cost ration range between 
11.15 and 15.64%. Conversely, the percentage of the total feed 
consumption of the least-cost ration in relation to the total 
feed consumption of the least-time ration is diminishing from 
104.43 to 102.04%. In fact this means that there is a slight 
positive adjustment of the quantity of feed consumption of the 
"poorer" low-protein ration; the stomach capacity seems to be 
an important restricting factor which affects the total quantity 
of feed consumed per broiler. Nevertheless, the feed consump­
tion adjustment is relatively higher for younger broilers which 
need more protein for building their body tissues in the early 
stages of their growth. 
Regarding the cost of feeding a flock of 10,000 broilers 
of a marketable weight which ranges between 3.0 and 4.0 pounds 
per bird, it seems that roughly $50.00 of the feeding costs 
would be saved if this particular flock size is fed on the 
least-cost ration rather than the least-time ration. Therefore, 
it may be generally concluded that there is no significant 
difference between the cost of feeding the broilers of certain 
weight on the least-cost or the least-time rations. 
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Quadratic Programming and Optimal Broiler Rations 
Programming methods have already found many important 
applications in serving as a management aid to optimize an 
objective function subject to a set of constraints represented 
by a number of inequalities. A problem which has an objective 
function, alternative methods of meeting the requirements of 
the objective function, and a set of restrictions on the 
quantity of resources available, can be expressed either as a 
linear or quadratic programming problem according to the nature 
of the objective function. If the objective function as well 
as the restrictions are presented by linear functions, we have 
a linear programming problem. But if the objective function 
to be optimized is quadratic while the set of restrictions are 
linear, we have a quadratic programming problem. 
Commercial feed mixing establishments are recently using 
electronic computers in applying linear programming models for 
minimizing the cost of balanced livestock rations. These 
rations are formulated to comply with certain standards recom­
mended by nutritionists when many feedstuffs with different 
nutritional composition are available in the market at differ­
ent seasons or different prices. The linear programming optimal 
solution specifies the least-cost feed mix ingredients; that is, 
what should be included in the required balanced ration and in 
what proportions. The linear programming model used in this 
typical feed mix problem can be written as : 
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minimize Z = C'X 
subject to AX - B 
n 
Z xj = 1 
j=l 
xj = 0 
Where: 
Z: is a scalar denoting the total feed costs, however, 
n 
the total feed cost function (i.e., Z cj xj) is the 
i=i 
linear objective function to be minimized. 
C': is a Ixn row vector of the cj's, where cj is the known 
price per unit of the jth feedstuff. 
X: is a nxl column vector of the unknown amounts, xj's 
of each of the jth feedstuff. 
A; is a mxn matrix of known constants. Each element of 
this matrix, a^j, is referring to the provision of the 
ith nutritional ingredient (i = 1, 2, ..., m) supplied 
by one unit of the jth feedstuff (j = 1, 2, n) . 
B: is a mxl column vector of the m nutritional and 
physiological restrictions imposed upon the formulation 
of the balanced ration. 
The above problem is strictly a feed mixing problem which 
is faced by the feed milling establishments. Agricultural 
economists, on the other hand, try to specify the least cost 
combinations of two major feedstuffs from the isocline equations 
derived from empirical estimates of livestock production func­
tions in the manner explained in the previous chapter. This 
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approach allows for the specifications of the expansion path 
which traces the locus of the least-cost combinations of the 
two feedstuffs required for successive gain levels. The 
advantage of this latter approach is the emphasis on the animal 
performance expressed by the production function in terms of 
the gain response to different quantities of feed intake. 
However, it also has a disadvantage when the analysis is 
extended to handle the more general case of specifying least-
cost combinations for more than two feed stuffs. The estima­
tion of the multiple feed production function becomes more 
expensive, and the derivation of the expansion path becomes 
more difficult. 
Brown and Arscott (15), and Dent (20) suggested the 
estimation of the livestock gain production surface in terms of 
metabolizable energy and crude protein in order to overcome the 
difficulties of estimating a production function of (n) feed 
variables. But faced with the fact that the price per unit of 
these nutrients has to be imputed they thought of integrating 
the idea of the nutrient production function surface with the 
linear programming procedure. In this way, emphasis is given 
to both the livestock production process and the problem of the 
feed mixing simultaneously. This suggestion involves the 
solution of a number of linear programmings, one for each point 
of a set of selected points along any specified isogain level, 
before the multiple least-cost combination can be determined. 
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Townsley (109) suggested that the derivation of the 
expansion path tracing the least-cost combinations of the 
multiple feed stuff case could be done more efficiently through 
the application of quadratic programming especially when the 
nutrient gain surface is expressed by the quadratic function. 
He also pointed out that, in general, an expansion path can be 
derived by connecting the locus of least-cost points along 
successive gain isoquants. These points could be solved for by 
following either one of the following approaches: a) by 
maximizing the output level of the production gain surface sub­
ject to a given outlay of the total feed cost per the technical 
unit on the basis of which the production function is estimated 
(an animal, bird, etc.); or, b) by minimizing the cost of feeds 
subject to producing a given level of output per technical unit. 
In the mean time, the first approach could be easily 
handled by using the available computer codes for solving para­
metric quadratic programming, where the total feed cost should 
be varied parametrically. The only requirement specified by 
the computer code used at Iowa State University is that the 
quadratic function to be maximized must be concave. Thus, the 
relevant quadratic program may be presented by the following 
formats : 
Maximize: G = q'Y + 1/2 Y'QY 
Subject to: AX = B 
C'X = Z 
X = 0 . 
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The quadratic gain surface is the objective function to be 
maximized; thus, if the estimated regression equation of the 
gain surface is written as; 
G = + agYg + . 
Where: 
G: is the liveweight gain level per animal or bird 
y^: is the quantity of metabolizable energy intake 
y^: is the quantity of crude protein intake 
aj: is the estimated regression coefficients, where 
3  —  1 / 2 , • • • , n «  
Then : 
q't is the (1x2) vector (a^fag); and 
Q: is the (2x2) matrix: 
2^3 a^ 
Y' : is the (1x2) row vector (y-]^,y2) • 
All the other symbols have the same meaning as before, 
except that the bar superimposed on the Z means that the total 
feed costs is a constant which is varied parametrically. How­
ever, in order to obtain the solutions of the expansion path 
points in terms of the amounts of the optimal combinations of 
the feedstuffs to be included in the ration, the objective 
function should express liveweight gain as some function of the 
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feed stuffs intake level. 
Assuming that the substitution rate between crude protein 
(or between metabolizable energy) provided by different feed 
sources is constant, then the total protein intake (y^) and the 
total metabolizable energy (yg) can be respectively expressed 
as : 
where r^j is the provision of metabolizable energy (measured in 
kilocalories) per unit of the jth feed stuff. These two 
relations may be expressed in matrix notations as: 
Y = R X 
(2x1) (2xn) (nxl) . 
Substituting this linear equation into the objective function, 
it can be rewritten as; 
Maximize: G = q'RX + 1/2 X'R'QRX 
or simply, G = d'X + 1/2 X'DX 
where d' = q'R 
and D = R'QR . 
Empirical application of quadratic programming 
The following part of the study is a direct application of 
the general procedure of quadratic programming technique 
explained in the previous section. The purposes of applying 
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quadratic programming to the findings of the two broiler 
feeding experiments under investigation are; 
1) To provide workable examples which demonstrate the set 
up of the problem of deriving the broiler expansion path solu­
tion when more than two feed stuffs must be included in the 
ration; 
2) To compare the characteristics of the optimal broiler 
rations derived from two alternative quadratic programs, where 
the nutrient gain surface is the objective function to be 
maximized in the first program and the feed stuff surface is 
the objective function of the second program; and, 
3) To estimate the change in the marginal feed cost per 
liveweight pound of broiler by comparing quadratic programming 
expansion path solutions of the old and the new experiment. 
Quadratic programming and the multiple feed expansion path 
solution of the new experiment The feed ingredients used 
per hundredweight of different rations used in the new experi­
ment (experiment No. 741 of 1968) were given in Table 2, p. 65. 
An examination of this table indicates that corn and soybean 
are the major two feedstuffs that make up from 85% to 90% of 
the five different rations. A constant additive mix provides 
10.5% of all the rations and soyoil provides from 0.5% to 4.5% 
of the rations. 
The constant additive feed mix includes fixed proportions 
of fishmeal, alfalfa meal, dical. phosphorous, oyster shell. 
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salts, vitamins and minerals. Since this additive feed mix is 
formulated by the nutritionist to add to the ration certain 
characteristics related to palatability, digestability, and the 
balanced content of vitamins, minerals, and essential ainino-
acids, it may be considered as one compound ingredient of the 
ration. 
Even with this over-simplified assumption, the derivation 
of the expansion path would include the least-cost combinations 
of four ingredients, namely, corn, soybean, soyoil, and the 
additive feed mix. However, the basic components of the 
quadratic programming problem of the general multiple feed stuff 
case are all included in the program which solve for the least-
cost combinations of only four feed stuffs. These basic 
components are: 
The quadratic objective function The second 
region of the grafted quadratic nutrient gain surface estimated 
by Equation 14.a (Table 11) is used as the objective function 
to be maximized. 
The restriction set Five linear restrictions are 
used in addition to the constraints that the consumed quantities 
of each of the four ingredients must be greater than or equal 
to zero. However, only three of the five restrictions are 
essential. The first specifies that metabolizable energy should 
be equal to 1.42 kilocalories per pound of the formulated ration. 
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The second constraint specifies that the additive feed mix 
must represent 10.5% of the ration; and the third constraint 
refers to the total feed cost per broiler (Z), which is varied 
parametrically from 15 cents to 30 cents per broiler with an 
incremental value of one cent at a time. The other two restric­
tions while not essential are added to solve for the total feed 
intake and the total protein intake per bird to facilitate the 
computation of the percentage of protein in optimal ration. 
These last two restrictions state that the consumption levels 
of total feed and protein intakes must be positive. 
Nutritional analysis and prices of the feed 
ingredients The provisions of metabolizable energy and 
crude protein per pound of the feed ingredients are supplied by 
Professor Stanley Balloun of the Department of Animal Husbandry 
at Iowa State University. He was also consulted for computing 
the price per unit of the additive mix, and for selecting 
prices of corn and soybean (per pound) that closely conform 
with the prevailing prices of the late months of 1968. These 
used prices are given in the following table. 
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Table 24. Prices of the different ingredients included in the 
experimental rations 
Nutrient Price/lb. # lbs. in the Value 
(cents) additive mix (cents) 
Fish meal 5.00 7.0 35.00 
Alfalfa meal 2.25 2.0 4.50 
Decal. phosphorous 4.50 1.5 6.75 
Oyster shell 1.76 0.5 0.88 
Salt 2.00 0.5 1.00 
Vit. & minerals 16.00 1.0 16.00 
Total 6.11 10.5 64.13 
Corn 2.0 — — —  
Soybean 3.8 —  — —  





first quadratic programming problem may be 
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number of pounds of corn consumed per broiler 
number of pounds of soybean consumed per broiler 
number of pounds of soyoil consumer per broiler 
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1 X 3. 800 X2 + 8 .000 ^3 + 6 .1100 x^ 
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and X = 0 
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Recalling that the feed cost of the optimal ration intake 
per broiler (z") is varied parametrically from 15 cents to 30 
cents per broiler, it should be noticed that the above program 
solves for 16 points along the four ingredient expansion path. 
Therefore, each one of the 16 optimal solutions specifies the 
maximum gain level (G), and the corresponding optimal combina­
tions of the quantities of corn (x^), soybean (Xg), soyoil 
(Xg), and the additive feed mix (x^) that should be consumed 
per broiler under each one of the 16 selected feed cost con­
straint levels. Furthermore, the solutions specify the percent­
age of protein that should be included in the optimal rations. 
These percentages are computed from the ratios between the 
total protein intakes and the total feed consumptions per 
broiler in pounds. These results are given in Table 25. 
The solution and its implication The results presented 
in Table 25 lead to the following conclusions: 
1) Although the price per unit of soybean is about two­
fold the price of corn, the quantity of corn included in each 
one of the optimal rations is approximately four times the 
quantity of soybean; this is primarily due to the fact that the 
marginal productivity of crude protein is higher than the 
marginal productivity of metabolizable energy and, partially, 
to the fact that the soybean provision of protein is about five 
times that which is provided by corn on a per pound basis; 
Table 25. Results of the quadratic program applied to the nutrient function 
(Equation 23) of the new experiment 
Ration Feed T-feed Total Gain 
# cost/ Corn S.B. Soyoil ADDM intake/ protein Protein level 
broiler 
^1 ^2 ^3 ^^4 broiler 
<: lbs. lbs. lbs. lbs. lbs. lbs. % lbs. 
1 30 6.9115 1.6799 .1522 1.0258 9.7694 1.7923 18.3461 4.3478 
2 29 6.6707 1.6289 .1479 0.9911 9.4386 1.7340 18.3714 4.2422 
3 28 6.4300 1.5778 .1437 0.9563 9.1078 1.6755 18.3963 4.1369 
4 27 6.1893 1.5269 .1394 0.9216 8.7771 1.6170 18.4229 4.0261 
5 26 5.9486 1.4758 .1351 0.8869 8.4463 1.6170 18.4507 3.9138 
6 25 5.7078 1.4248 .1308 0.8521 8.1156 1.4999 18.4817 3.7987 
7 24 5.4671 1.3738 .1265 0.8174 7.7848 1.4413 18.5143 3.6816 
8 23 5.2264 1.3228 .1222 0.7824 7.4540 1.3828 18.5511 3.5618 
9 22 4.9857 1.2718 .1179 0.7480 7.1233 1.3243 18.5911 3.4394 
10 21 4.7449 1.2208 .1136 0.7132 6.7923 1.2657 18.6358 3.3147 
11 20 4.5042 1.1698 .1093 0.6785 6.4618 1.2072 18.6821 3.1873 
12 19 4.2635 1.1188 .1050 0.6437 6.1310 1.1487 18.7033 3.0674 
13 18 4.0228 1.0678 .1007 0.6090 5.8002 1.0901 18.7942 2.9250 
14 17 3.7820 1.0168 .09638 0.5743 5.4695 1.0316 18.8609 2.7962 
15 16 3.5413 0.9658 .09208 0.5396 5.1387 0.9730 18.9348 2.6528 
16 15 3.3006 0.9147 .08779 0.5048 4.8080 0.9145 19.0204 2.5129 
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2) The percentage of crude protein required in the intake 
of the optimal rations of heavier weights is slightly 
diminishing, a result which is consistent with nutrition 
principles since the lighter and the younger the broiler is, 
the higher the required protein, and the heavier and the older 
the broiler is, the lower the required percentage level of pro­
tein in the ration; 
3) The average feed cost per liveweight pound of broiler 
is increasing, for example, the production of a 2.5 pounds 
broiler means that the average feed cost per liveweight pound 
is approximately 5.9 cents, but the production of 4.'35 pounds 
broiler is possible at an average feed cost of 6.9 cents per 
pound. 
These results have important implications to the broiler 
producer. Although one cent difference in the average feed 
cost per a liveweight pound of broilers may seem insignificant 
at a first glance, it is very important when 50 thousand 
broilers are produced per year. These results lead to the 
following question: should the producer spend an outlay of 30 
cents on feed cost for producing one bird of 4.35 pounds or two 
birds of 2.5 pounds each? Assuming that the price per live-
weight pound of broiler is 14 cents, the first choice would 
yield a value of 60.9 cents, while the second choice would 
yield a value of 70 cents. However, while this simple arithme­
tic would favor investing the 30 cents in the second choice. 
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the answer to this question is not that simple. It depends 
upon the production conditions under which the producer is 
operating. For example, if the floor space of the broiler 
housing facilities is limited, then the production of heavier 
broilers means a large space requirement per broiler and, hence, 
the problem involves the choice between producing a large size 
flock of lighter broilers or a small size flock of heavier 
birds. Therefore, in order to answer the above question some 
information is needed with respect to the relationship between 
floor space requirement and different liveweights per broiler. 
Assuming that floor space requirement is some increasing 
function of liveweight which can be estimated, then, for any 
given limited space (say 5,000 square feet), the number of 
broilers of different weights that can be produced within the 
maximum capacity of the space limitation can be determined, the 
total value of broiler production per flock can be computed 
(given that the price per broiler pound is known), the total 
feed cost of the flock can be specified, and, hence, the optimal 
size of the flock can be determined on the basis of the net 
returns above feed costs. 
Thus far, the argument is dealing with maximization of 
profit per flock under limited space conditions. However, the 
analysis can be extended to consider the production of more than 
one flock of broilers all year round. In this case the relevant 
optimizing criteria would be maximizing profit per year per unit 
168 
of the limited space. The basic information necessary for 
solving this continuous operation problem is the results of a 
quadratic programming solution, like the one presented in Table 
25f a functional relation of the space requirement per bird, 
and a time feed consumption function relating the length of the 
feeding period to the quantities of feed consumption. 
Determination of the marketing weight per broiler corre­
sponding to the maximum annual net return of total liveweight 
broiler meat production per year per limited space can be 
specified in the following steps: 
1) The maximum weight level per broiler is given; from the 
quadratic programming solution corresponding to any selected 
feed cost level; 
2) The number of broilers which utilize the maximum 
capacity of any given limited space can be determined for dif­
ferent maximum weights through the floor space requirement 
function; 
3) The required time for a broiler to reach a certain 
maximum weight (i.e., the feeding period) can be specified by 
plugging the corresponding optimal feed combinations of the 
quadratic programming into the time-feed-consumption function; 
4) The number of flocks per year corresponding to the 
different weight levels can be computed; 
5) The total value of broiler meat production for each of 
the different maximum weights can be computed by multiplying 
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the size of the flock-limited by the available space by the 
number of possible flocks per year, and, similarly, the total 
feed cost of broilers per year can be specified; therefore, net 
returns over feed cost could be computed and, finally, the 
optimal weight per broiler which maximizes the total return per 
year per limited space can be specified by inspection. 
Another important implication of the above quadratic 
programming solution is that it can be easily extended to tackle 
a more sophisticated analysis. For example, it is possible to 
relax the assumption of regarding the additive feed mix as one 
compound ingredient provided that more information about its 
chemical, physiological, and nutritional characteristics are 
available. Quadratic programming can handle any number of 
linear constraints and may consider the inclusion of any number 
of important feed stuffs in its optimal solution. If the 
nutritionist makes a list of the complete biochemical analysis 
of all the available feed stuffs in the market and if he spills 
out all his recommendations for formulating the ration in terms 
of the maximum fiber content, the maximum fat content, the 
minimum levels and kinds of essential amino-acids, and any 
other important constraint, then the solution can be easily 
expressed in terms of more than four ingredients. Indeed, all 
kinds of grain cereals and all sources of crude protein may be 
considered as good substitutes for corn and soybean respectively. 
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A comparison between the solutions of the nutrient and the 
feed stuff quadratic programming Recall that the experi­
mental broiler gain surface has been estimated alternately by 
two physical expressions. The first expresses broiler's gain 
as a function of various quantities of corn and soybean (e.g.. 
Equation 21 of the new experiment) and the other expresses 
liveweight gain as a function of different quantities of 
metabolizable energy and crude protein (e.g.. Equation 23 of 
the same experiment). Therefore, if Equation 21 is substituted 
for Equation 23 in the objective function of the above quadratic 
program (p. 163) and if the same set of restrictions and the same 
procedure are followed, then another set of solutions can be 
obtained. Since the nature of the objective function is the 
only factor that may affect the final solutions of both pro­
grams, a comparison between the characteristics of the optimal 
feed mix combinations derived from the nutrient or the feed 
stuff alternate quadratic programming alternately provides an 
indirect mean of comparing these two different objective func­
tions. Accordingly, when the corn-soybean gain surface 
estimated by Equation 21 is regarded as the objective function 
to be maximized, then the feed stuff quadratic program can be 
written as : 




and X' = is the (1x2) row vector; (x^, Xg), where x^ is 
the consumption of corn per broiler in pounds and 
Xg is the consumption of soybean per broiler in 
pounds 
subject to the same set of constraints given in page 8 above. 
It is worth noting that although the above objective 
function is expressing the gain response in terms of corn and 
soybean only, the solution of the feed stuff quadratic program 
specify the maximum value of the gain level (G) and the optimal 
combinations of corn (x^); soybean (Xg); soyoil (x^), and the 
additive feed mix (x^). The values of these four ingredients 
are determined through the imposition of the restriction set 
upon the maximization of the gain surface and the results of 
the sixteen solutions corresponding to the sixteen selected 
feed cost levels are presented in Table 26. 
The solutions of the optimal rations derived from the 
nutrient quadratic program (Table 25) are compared with those 
derived from the feed stuff quadratic program (Table 26) of the 
new broiler experiment. More attention is given to the first 
12 lines of both solution sets since they are closely corre­
sponding to the marketable liveweight per broiler. Thus, by 
= [0.510445 -1.026172] 
-0.036190 0.034306 
0.034306 -0.320038 
Table 26. Results of the quadratic programming applied to the feed stuff gain 
function (Equation 21) of the new experiment 
Ration Feed T-feed Total Gain 
# cost/ Corn S.B. Soyoil ADDM intake/ protein Protein level 
broiler 
^1 *2 ^3 ^4 broiler 
lbs. lbs. lbs. lbs. lbs. lbs. % lbs. 
1 30 6.6886 1.7874 0.1690 1.0422 9.6590 1.8187 18.8290 4.4794 
2 29 6.4692 1.7260 0.1631 0.9806 9.3390 1.7577 18.8210 4.3671 
3 28 6.2499 1.6647 0.1572 0.9470 9.0188 1.6966 18.8118 4.2469 
4 27 6.0305 1.6034 0.1512 0.9134 8.6986 1.6356 18.8030 4.1276 
5 26 5.8112 1.5421 0.1454 0.8797 8.3784 1.5746 18.7935 4.0053 
6 25 5.5918 1.4807 0.1395 0.8461 8.0582 1.5135 18.7821 3.8829 
7 24 5.3725 1.4195 0.1336 0.8125 7.7380 1.4525 18.7710 3.7586 
8 23 5.1531 1.3582 0.1277 0.7789 7.4178 1.3914 18.7575 3.6302 
9 22 4.9337 1.2968 0.1218 0.7453 7.0976 1.3304 18.7443 3.5008 
10 21 4.7144 1.2355 0.1159 0.7116 6.7774 1.2693 18.7284 3.3684 
11 20 4.4950 1.1742 0.1010 0.6780 6.4572 1.2083 18.7124 3.2359 
12 19 4.2757 1.1129 0.1041 0.6444 6.1370 1.1472 18.6931 3.1005 
13 18 4.0563 1.0516 0.09815 0.6108 5.8168 1.1086 18.6585 2.9630 
14 17 3.8370 0.9903 0.09225 0.5772 5.4967 1.0251 18.6493 2.8235 
15 16 3.6176 0.9289 0.08635 .5435 5.1765 0.9641 18.6245 2.6809 
16 15 3.3983 0.8676 0.0804 .5099 4.8563 0.9030 18.5944 2.5384 
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contrasting each one of the first twelve solutions presented 
in similar lines of Table 25 and Table 26 respectively, the 
following observations can be made; 
1) The columns 3 and 4 indicate that the optimal rations 
of the feed stuff program (Table 26) should include lower 
quantities of corn and higher quantities of soybean in relation 
to the corresponding values of the nutrient quadratic program 
(Table 25); however, this relationship is true only for the 
first 12 lines in both tables (and is reversed thereafter); 
2) The first 12 lines of column 7 in both tables indicate 
that the optimal values of the quantities of feed intake per 
broiler given in Table 26 is slightly smaller than those in 
Table 25; 
3) A possible explanation of the above observation is 
provided by column 8 of both tables because the percentage of 
protein in the optimal rations is steadily increasing in Table 
25 and steadily decreasing in Table 26, however, the first 12 
rations of the feed stuff program include higher percentage of 
protein than those corresponding to the nutrient program; 
4) A comparison of column 10 of both tables indicate that 
a combination of slightly higher percentage of protein and a 
slightly lower level of feed intake would result in a higher 
gain level; 
5) The above observations lead to the conclusion that up 
to a certain point the feed stuff production function 
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(i.e.. Equation 21) is overestimating the broiler feed effi­
ciency in comparison to the nutrient production function 
(i.e.. Equation 23). 
The most important observation is the third one. Accord­
ing to nutritional principles it is expected that younger and 
lighter broilers require higher percentages of protein than 
older and heavier broilers. Column 8 of Table 26 is contra­
dicting to what is expected from nutritional principles, where­
as the same column of Table 25 is consistent with expectations. 
This last point leads the author to believe that one may have 
more faith in the nutrient production function (i.e.. Equation 
23) over the feed stuff production function (i.e.. Equation 21). 
In general, a possible explanation of the above results in 
the difference between the magnitude of the estimated regres­
sion coefficients of the alternate production function 
expressions. In particular, part of these results may be due 
to the fact that while the regression coefficient estimating 
the interaction effect of metabolizable energy and protein is 
highly significant, the estimated regression coefficient of the 
interaction between corn and soybean is not significant. 
Comparison between the optimal rations of the old and the 
new broiler experiment It was stated previously that the 
essential advantage of applying quadratic programming to the 
problem of the optimal rations is the fact that it is an 
efficient means of deriving the expansion path solution. 
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especially in the multiple feed stuff case where the nutrient 
production function is quadratic. Indeed, the solutions 
represented in Table 25 of the nutrient quadratic program of 
the new broiler experiment are an example of a schedule of the 
expansion path solution. However, it is difficult.to depict 
a graphical illustration of this schedule because the expansion 
path of this problem is defined in the five dimensions - the 
feed ingredients occupy four dimensions and the liveweight gain 
response is located in the fifth one. Furthermore, the locus 
of the two tangency solutions of the maximum gain levels that 
can be attained from some specified total feed costs is compli­
cated, since the total feed cost constraint is a hyperplane of 
four dimensions. 
However, despite all these difficulties, a meaningful and 
simple two dimension diagram is still possible. This diagram 
can be constructed by measuring the liveweight per broiler (in 
pounds) on the vertical axis and the total feed cost per 
broiler (in cents) on the horizontal axis. Then, from each line 
of Table 25, the two coordinates of each single solution can be 
plotted and, finally, the 16 points can be connected. The 
resulting curve may be called the most efficient total gain 
curve because it shows the maximum gain levels that can be 
attained from investing any predetermined outlay in the optimal 
combinations of broiler feed. 
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Thus, if a similar diagram is constructed for the old 
experiment, a comparison of both diagrams can reflect a helpful 
picture for estimating the gains in broiler feed efficiency 
which is mainly attributed to the differences in the genotype 
structures of the two broiler strains used in both experiments. 
In order to achieve the above objective, an additional 
nutrient quadratic program was set up for the old experiment. 
The format of this last program and its solution is reported 
in Appendix D. However, the graphical configurations of the 
solutions of the old and the new experiments nutrient quadratic 
programs are shown in Figure 8. 
Figure 8 indicates that the efficient total gain levels 
per broiler have shifted upward in favor of the Hubbard broiler 
cross strain (of the new experiment) in relation to the New 
Hampshire strain (of the old experiment). Furthermore, the 
shift becomes greater the higher the gain levels and the larger 
the feed cost; for example, when the total feed cost per 
broiler is equal to 15 cents, it is possible to produce approxi­
mately 1.95 pounds and 2.55 pounds of liveweight gain per 
broiler of the old and the new experiment respectively. The 
net increase in liveweight gain is equal to 0.60 pounds. 
Similarily, when the feed cost per broiler is 25 cents the live-
weight gain is approximately 2.90 and 3.90 pounds for the old 
and the new experimental strains respectively. Moreover, 30 
cents of feed cost would produce 3.3 and 4.5 pounds per broiler 
Figure 8. Optimal solutions of two quadratic programs 
showing the relationships between gain levels 
per broiler of the old and the new experiment 
which can be produced at minimum total feed 








4.5 4.0 3.5 3.0 2.5 
Pounds of gain level per broiler 
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of the old and the new experiment respectively. Hence, the 
difference in the gain level is increasing from 0.6 to 1.0 to 
1.2 pounds per broiler. 
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CHAPTER VI. SUMMARY AND CONCLUSIONS 
The major purposes of this dissertation are: 
1) to explore alternative estimation procedures for 
deriving empirical regression equations of broiler feed-
gain functional relationships with considerable 
emphasis upon overcoming estimation problems related 
to autocorrelation and random variables when the least 
squares method is used; 
2) to use the estimated production functions in deriving 
the isogain contours and, hence, to investigate the 
corn-soybean as well as the energy-protein substitution 
relationships; 
3) to consider the economic implications of least-cost 
versus least-time rations; 
4) to illustrate how the specifications of least-cost 
combinations could be extended from the two feed stuff 
cases to the multiple feed stuff case through the 
application of quadratic programming; and 
5) to provide a rough indication of the achieved progress 
in feeding efficiency attributed mainly to the advance­
ment in recent strains of broilers. 
The study is based on data obtained from two broiler 
feeding experiments conducted through the cooperation of the 
economic and poultry departments at Iowa State University. 
Since one experiment was conducted in 1855 and the other was 
conducted in 1968, they are referred to respectively as the old 
and the new experiment throughout this study. 
Two physical relationships were used alternatively in 
expressing the experimental feed gain surface per broiler, 
namely, the feed stuff gain function and the nutrient gain 
function. The first relationship expressed gain response as a 
function of variably consumed quantities of corn and soybean; 
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the second relationship expressed the same phenomenon as a 
function of metabolizable energy and crude protein. 
The experimental data used were adjusted to overcome 
estimation problems related to the existence of autocorrelation 
and the random variables with the help of the split-plot model 
and the first order autoregressive scheme before running the 
regression analysis. 
The conventional quadratic surface was fitted to the 
physical expression of the broiler gain surface and failed the 
lack of fit test. However, when the procedure of grafting the 
quadratic surface into two splices was followed, the estimated 
function passed the lack of fit test. 
The grafted feed stuff gain function and nutrient gain 
function showed no significant difference in adequately approxi­
mating the experimental range of the estimated broiler gain 
surface. 
Two procedures were used in collecting the observations of 
successive cumulative gains and the relevant consumed feed 
variables, namely, the fixed feed approach and the fixed time 
approach. The general conclusion is that the fixed feed 
approach yields more reliable regression-coefficient estimates 
than the fixed time approach. 
The derived isogain contour maps, expressed in terms of 
corn and soybeans, are convex toward the origin with a negative 
slope indicating, not only that the substitution relationship 
182 
between corn and soybeans is diminishing, but that the esti­
mated portions of the gain contours fall within the rational 
economic region bounded by the ridge lines. 
The isogain maps, derived from the feed-stuff production 
function estimated via the fixed time approach (Equation 22), 
slightly underestimate the efficiency of the experimental 
broilers in their utilization of feed inputs (to achieve par­
ticular gain levels) in comparison to those derived from the 
production function estimated via the fixed feed approach 
(Equation 21). 
The derived energy-protein isogain maps take into consid­
eration the provision of metabolizable energy and crude protein 
furnished by corn and soybean as well as soyoil and a constant 
additive feed mix. These isogain maps are convex but they have 
upward sloping and downward sloping portions of successive 
contours. Consequently, diminishing rates of substitution 
between metabolizable energy and protein hold along the nega­
tively downward sloping portions of the isogain contour up to 
a ridge line; then, protein complements rather than substitutes 
for metabolizable energy along the positively upward sloping 
portion of the isogain contour. This result suggests that the 
relative quantities (the ratio), not the absolute amounts of 
both nutrients, are important. 
Least-cost combinations of corn and soybean that should be 
consumed per broiler to produce a particular gain level were 
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computed from isocline equations derived from the estimated 
feed stuff function under different price situations of corn 
and soybeans. It was shown that economic recommendations used 
in formulating broiler feed mix should simultaneously consider 
the desired level of gain, the marginal rates of substitution 
for soybeans and corn, and the inverse price ratio. Thus, 
recommendations of optimal feed rations are bound to the 
magnitude of these factors because these factors affect the 
economic efficiency of the broiler production process. The dif­
ference between economic recommendations and strictly nutrition­
al recommendations is that the latter are usually based on 
physical criteria and are given - regardless of the feed 
ingredient prices - in terms of nutritional standards that 
would, at most, mean keeping the flock healthy or growing 
broilers at the fastest rate possible. 
The comparison between the least-cost and the least-time 
rations that should be consumed to produce certain gain levels 
showed that, in general, there is no significant difference 
(of the length of feeding periods) between them. However, 
there is a slight positive adjustment of the amount of total 
feed consumption of the "poorer" low-protein ration specified 
through the least-cost criterion relative to the amount of feed 
that would produce the same gain level per broiler in the least 
time. 
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Application of quadratic programming to specify optimal 
broiler rations was related to the estimated alternate expres­
sions of gain function from the two experiments under investi­
gation 1) to provide a workable example which demonstrates the 
set up of the problem of deriving the broiler expansion path 
solution when more than two feed stuffs must be included in the 
ration and 2) to indirectly evaluate the nutrient gain surface 
through a comparison of the characteristics of the optimal 
broiler rations derived from two similar quadratic programs 
which differ only with respect to the nature of the physical 
expressions of their objective functions. Comparison of the 
results of the feed stuff quadratic program and the nutrient 
quadratic program lead to the conclusion that, up to a certain 
point, the feed-stuff production function (i.e.. Equation 21) 
is overestimating the broiler feed efficiency in comparison to 
the nutrient production function (i.e.. Equation 23). However, 
since the expansion path solution of the feed stuff quadratic 
program contradicts the expectations (based on nutritional 
principles) that younger and lighter broilers require higher 
levels of protein than older and heavier broilers, one may have 
more faith in the estimated nutrient production function 
(i.e.. Equation 23) over the estimated feed stuff function 
(i.e.. Equation 21). 
The iImportant advantage of the application ùf quadratic 
programming is integrating the feed mix problem with the 
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performance of broilers in the production process. It is easy 
to extend the illustrative example to tackle a more sophisti­
cated analysis of multiple feed rations. For example, it is 
possible to increase the number of linear restrictions if the 
assumption which regards the additive feed mix as one compound 
ingredient is relaxed, provided that more information about its 
chemical, physiological, and nutritional characteristics is 
available. 
The achieved progress in feeding efficiency, mainly attri­
buted to the Hubbard Broiler Cross strain used in the 1968 
experiment in comparison to the New Hampshire strain used in 
the 1955 experiment, was estimated on the basis of a) a compari­
son between the isogain contours, as was shown in Figure 6, 
b) a comparison of the marginal rate of substitution of corn 
for soybean, as reported in Tables 17 and 18, and c) a compari­
son of the total feed cost per broiler of the old and the new 
experiment as shown in Figure 8. 
While this study is based on broiler feeding experiments, 
its methodology has some important implications for production 
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APPENDIX A. ILLUSTRATION OF THE REGRESSION 
TECHNIQUE FOR ESTIMATION OF A TWO-REGIONS 
GRAFTED QUADRATIC SURFACE 
Consider the quadratic surface: 
G = a^ + a^Z^ + 3^22 + a^Z^ + a^Zg + a^Z^Zg . (A.l) 
Assume that we wish to splice this surface at the joint line 
Z2 = K where K is a positive constant; furthermore, define the 
function J = ffZg) such that 
J = (Z^ - K)^ when Zg > K 
and J = 0 when Zg ^ K 
The above assumption implies that we can approximate the sur­
face by two segments of the quadratic function; that is 
2 2 
G = ag + ^1^1 + ^2^2 ^3^1 ^4^2 ^  ^ 5^1^2 Z _< K (A. 2) 
G = bq _ b^Z^ + bgZg + bgZ^ + b^Zg + bgZ^Zg when Z ^  K . (A.3) 
If we restrict these parameters, the (a*s and the b's) to obey 
the restrictions that the response surface is continuous, and 
possesses continuous first and second derivatives at the joint 
line Z2 = K. Then following Fuller's illustration (29), the 
above restrictions will reduce the number of independent param­
eters in the model from 12 to seven, namely = a^, a^, a2, a^, 
a^, a^ and a^ where a^ = (a^ - b^). The dependent parameters 
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(b^'s) could be defined as linear functions of the a^'s such 
that; 
bo = *0 + '®6' 
bj = aj - 2K (ag) (A.4) 
bj = aj 
b^ = a^ + ag, and 
bs = *5 • 
The parameters a^'s, i = 1, 2, 6 could be estimated 
directly from the regression Equation A.5 where G = g (Z^f ^2' 
J) ; 
2 2 
G = ag + + ^2^2 ^3^1 ^4^2 ^5^1^2 + ^ (A.5) 
However, once the a^'s are estimated, the b^'s would be known 
from the relationships specified by A.4. 
To appreciate the reason for defining b^'s in the manner 
stated above, substituting b^'s of Equation A.3 by their 
definitions A.4 will yield: 
G = bQ + b^Z^ + bgZg + bgZ^ + b^Zg + h^Z^Z2 
= (aQ + (ag)) + a^ZjL + (agZg - 2KZ2(ag)) (A.3) 
+ a^Z^ + (&4Z2 ^  ^ 2 ^^6^^ ^5^1^2* 
After factoring out (ag) and rearranging terms, we get Equation 
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G = Hq + + agZg + + a^Z^ + a^Z^Zg + (Z^ - 2Z^ + K^) 
(A.6) 
Obviously, (Z^ - 2Z^ + K^) = (Zg - K)^ = j for Z, > K 
Hence, Equations A.6 and A.5 are identicals. 
It is worthy to notice here, that Equation A.5 was fitted 
separately on each set of data generated by following the "fixed 
feed" approach and the "fixed time" approach to independently 
estimate the feed stuff and the nutritional gain surfaces 
denoted by Equations A.7 and A.8, respectively. 
Thus, C and S of Equation A.7, similarly M and P of Equation 
A.8 are substituted (pairwise) for and Z2 of Equation A.5 
in the estimation process. Moreover, when the estimated 
grafted surface possesses a non-significant constant term, it 
was reestimated without intercept. Consequently the sample 
variance (â^) of the computed regression coefficients of the 
second region were derived as follows : 
G = g^ (C, S, J) (A. 7) 




Therefore, while the "t" values (printed by the computer 
regression program) for a^f a^ and a^ would be the same for b^, 
b^ and bg, the "t" values for b^, h2 and b^ should be computed 
using the square roots of the derived saiaple variances of these 
coefficients (A.9). 
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APPENDIX B. COMPUTATION OF A PROPER ERROR ESTIMATE FOR 
TESTING THE ADEQUACY OF THE QUADRATIC FUNCTION IN 
THE CASE OF RANDOM FEED VARIABLES 
Consider the application of the lack of fit test to the 
liveweight gain surfaces (Equations 4.a and 8.a) derived from 
the transformed data of the "fixed feed" approach. In these * 
cases, the liveweight gain response is the only random variable 
since the feed variables are fixed. Recalling that the trans­
formed gain observations are not serially 
correlated and assuming that they have common variance The 
pooled experimental error of the analysis of variance table of 
the split-plot model (Table 4) was utilized in testing the lack 
of fit of these regression equations. However, this pooled 
experimental error (P.E.E.) is in fact equivalent to expressing 
^2 (jg as shown in Equation B.l. 
5 6 6 _ 2 
Z Z 2 (g^^k ~ 9; T,) 
S2 , 1=1 k=l 3=1 . !B.l) 
^  ( 5 )  ( 6 )  ( 5 )  
Where 
Sijk = «^ijk - Giik-l' ^ 
i = 1, 2, 5; the number of rations (treatments) 
j = 1, 2, ...,6; the number of replicates 
k = 1, 2, ..., 6; the number of predetermined feed amounts 
per bird. 
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On the other hand, when the data are generated by 
following the "fixed time" approach, the transformed weight 
gain responses as well as the transformed explanatory feed 
variables are all considered as random variables. (Each 
variable is composed of a mean value and error component.) 
Thus, in analogy to the variance estimator defined in (B.l), 
similar estimators could be obtained for the variance and co-
variances of each of the six transformed random variables of 
the following two sets. 
The set of the feed stuff variables: 
^ijt- ^ijt' ®ijt' (°iit)^' (cs)ijt' 
And the set of nutrient variables: 
Gijt' ^ ijt' Pijt' ^^ijt^ ' (Pijt) 
Let every one of these 11 variables be defined in analogy to 
B.2^ with the exception of substituting the third subscript 
(k) by (t), where t is an index for the time periods and 
t = 1, 2 ..., 5. As an illustrative example of computing the 
estimated variance of each of these 11 random variables. 
Equation B.3 prescribes the estimated variance of corn consump 
tion (in pounds) per bird. 
^Notice that (c^j^J^ = (c^^^)^ - 0.7 (c\j^_^)^. 
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5 5 6 
; i  = i=i t.i 3=1 —1±_ (B.3) 
(5) (5) (5) 
But/ the non-independence between each pair of the six random 
variables which belongs to the same set calls for estimating 
the covariance of each pair of these variables. Thus for 
example, the estimated covariance between corn consumption 
and weight gain (g\j^) is denoted by as indicated 
in Equation B.4. 
5 5 6 
<3 , = 
(5) (5) (5) 
Consequently, two (6x6) variance-covariance matrices were 
estimated separately. The diagonal elements of both matrices 
were computed in analogy to Equation B.3 while the off diagonal 
elements were computed in analogy to Equation B.3 while the off 
diagonal elements were computed in analogy to Equation B.4. 
Now, let and V2 denote the first and the second variance-
covariance matrices represented in Tables 27 and 28 respec­
tively. Once these matrices were obtained, the estimators of 
the proper error terms (U^ and U2) used in performing the lack 
of fit tests of Equations 4.b and 8.b respectively) could be 
easily determined such that: 
Table 27. Error covariance matrix (V^) estimated from the fixed time data of the new 
experiment (using the feed stuffs data)^ 
Random variables 
identification 
g c s c2 2 s cs 
Transformed liveweight 
gain in pounds (g) 0.431920 
Transformed corn 
consumption, in 
pounds (c) 0.107280 0 .906400 
Transformed soybean 
consumption, in 
pounds (s) 0.006381 0 .252160 0. 370080 
0^ 0.913600 6 .533600 1. 720800 52 .248000 
0.9312 0 .951200 1. 202400 6 .757600 4.547200 
cs 0.116640 1 .992000 1. 712000 15 .064000 6.366400 9.912000 
^The figures shown for all elements of the matrix are multiplied by a scaler 
= 100. 
Table 28. Error covariance matrix (V„) estimated from the fixed time data of the new 
^ p. 
experiment (using the nutrient data) 
Random variables 
identification 
m m mp 
Transformed gain in 
pounds (g) 0.431920 
Transformed metabolizable 
energy, intake in 
kilocalories (m) 
Crude protein intake 























= A-L V L = 0. 
(1x1) (1x6) 06x6)(6x1) 










and the regression coefficient estimators (a^^,g) are 
substituted by their corresponding values of Equation 4.b and 
Table 7. Similarly, 
Where 
±2 
^2 ^  V, = 0.005821 












and the regression coefficient estimators (^2i's^ are sub­
stituted by their corresponding values of Equation 8.b of Table 
8 .  
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APPENDIX C. EMPIRICAL DETERMINATION OF THE TIME 
FUNCTION FOR THE NEW EXPERIMENT 
Once again, the method of least squares was used for 
estimating the regression equation which approximates the time 
response surface: 
^ijk ^ ^ ^^ijk' ^ijk^ 
i ~ l /  2 /  • • • /  5  
j — 1/ 2 r •••* 6 
] C " X /  2 y  • • • /  6  » 
Where, T denotes the elapsed time or the length of the feeding 
periods in days, f stands for the unspecified mathematical form 
of the function, and C and S refer respectively to the various 
quantities of corn and soybean meal consumption expressed in 
pounds per broiler. 
The regression analysis utilized the derived determinations 
K 
on the transformed treatment means of the time periods 
(T^ ^  - 0.7 T^ k-i^ and of the basic variables related to the 
two feed stuffs (e.g., C\ ^ - 0.7 C\ and ^ - 0.7 k-l^* 
These determinations were derived from the data generated by 
following the "fixed feed approach" in the new experiment. It 
is worthwhile to appreciate the reason for using this particular 
set of determinations in the regression analysis, namely, the 
fact that the regressand (the time response variable) is a 
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random variable while the explanatory feed variables are fixed 
variables. On the contrary, if the "fixed time" determinations 
were used in the regression analysis, the explanatory feed 
variables would be the random variables and the dependent time 
response would be the fixed variable which is contradictory to 
the assumptions of ordinary least-squares method. 
To approximate the nature of the time surface, it was 
hypothasized that the algebraic foirm of the surface may follow 
either the quadratic or the square root polynomial of the 
second degree. Furthermore, on the ground that at zero levels 
of corn and soybean consumption the time response should also 
be zero; it was further assumed that either function should fit 
the data without a constant term. 
The results of fitting the quadratic and the square root 
functions to the time response surface with and without a 
constant term is presented in Tables 29 and 30. By comparing 
the findings of these tables the following points should be 
emphasized:' 
1) The residual mean square from regression (R.M.S.) 
attributed to the square root function is smaller than the R.M.S. 
corresponding to the quadratic function. 
2) The higher magnitude of the highly significant constant 
term of Equation C.la of Table 29 and the larger value of the 
residual mean square of Equation c.lb of the same table leads 
to the suspicion of the adequacy of the quadratic form in pre­
scribing the used data. 
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3) The computed values of the estimated deviation of the 
original observations from the fitted time functions computed 
from Equations C.2a and C.2b lead to the conclusion that the 
square root function reflects a better statistical picture in 
fitting the used data. 
Table 29. Estimated regression coefficients, standard errors and "t" values obtained 
by fitting the quadratic function to the time surface of the new 
experiment 
Constant C S CS R.M.S. 
Equation C.la 
36.648694 -19.979436 -24.707249 1.912329 2.951913 3.944733 .73428 1.141852 
a, 13.108782 3.189044 4.098758 0.320949 1.079360 0.996547 
i 
"t" 11.789 6.265 6.028 5.958 2.735 3.958 
p p<0.001 p < .001 p < .001 p < .000 .01<p<0.05 p < .001 
* * * * * * * * * * * * * * * 
Equation C.2b 
d. 16.002568 16.136232 -1.105171 -0.935183 -2.909412 .80441 7.443731 X 
cj, 2. 359365 5.591689 0.494371 2.624118 2.066484 
i 
"t" 6.783 2.886 2.236 0.356 1,408 
p p < .001 .005<p<.01 0.01<p< p<0.500 .10<p<0.20 
0.05 
* * * * * * h f 
Table 30. Estimated regression coefficients, standard errors and "t" values obtained 
by fitting the square root function to the time 


















4.09667? 6.592011 -7.267443 .95350 






























APPENDIX D. OPTIMAL BROILER RATIONS DERIVED FROM THE 
NUTRIENT QUADRATIC PROGRAM OF THE OLD EXPERIMENT 
The purpose of the following quadratic program is to 
maximize the gain level per broiler subject to a constant out­
lay of feed cost per broiler plus some other restrictions 
conforming to the nutritional characteristics of the experimen­
tal rations. ^ 
The objective function to be maximized is the broiler gain 
surface derived from the 1955 feeding experiment conducted at 
Iowa State University. Liveweight gain per broiler (G) is 
expressed as a quadratic function of consumed calories of 
metabolizable energy (M) and pounds of crude protein (P) pro­
vided by the experimental rations. The equation of this gain 
surface is 
By rearranging terms of Equation D.l it can be written as 
2 2 G = a^M + a2P + a^M + a^P + a^MP (D.l) 
a 1 2a 3 a 5 




By substituting the values of the regression-coefficient 
estimates obtained from Equation 26 into Equation D.2 we get D.3 
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G = ( M r  P )  
.263176 
.598683 






Four basic ingredients were included in the rations; 
corn , soybean (Xg)/ soyoil (x^) and a constant additive 
feed mix (x^). And it was assumed that the per pound prices of 
these four ingredients are : 2.0, 3.6, 8.0 and 6.15 cents 
respectively. Thus, in order to specify the least-cost feed 
rations in terms of these four feed ingredients it was necessary 
to make the following transformation of the estimated nutrient 
gain surface. 
Let Y = (M, P) = X R  
X = [x^, x^, Xg, x^] 
^11 ^21 1.5300 0.0840 
R = 
^21 ^22 
= 1.0200 0.4500 
^31 ^32 4.2000 0.0000 
^41 ^42 0.6545 0.2036 
r^j = is the amount of the jth nutrient provided by one 
pound of the ith feed ingredient. 
i = 1, 2 j = 1, 2, 3, 4 







d = Rq 
and 
D = RQR' . 
Then the objective function can be expressed in terms of X as; 
G = Xd + i XDX' . 
This last expression of the quadratic objective function is 
maximized subject to six linear constraints. The first and the 
second constraints impose the restrictions that the total 
amount of metabolizable energy provided by the four feed ingre­
dients should be >_ 1.217 and £ 1.331 kilocalories per pound of 
any specified optimal ration. The third restriction specifies 
that a particular additive feed mix should comprise 14% of the 
total consumed ration. The fourth and the fifth restrictions 
specify that the ration should supply a positive amount of 
protein and the feed consumption should be positive. These 
last two restrictions are imposed to facilitate the computation 
of the exact amounts of crude protein and total feed intake per 





cost per broiler (z) which is varied parametrically between 30 
cents and 15 cents with a decrement of one cent at a time. 
Therefore the formats of this quadratic program are: 


















^1 - .140 ^2 
- .140 X3 + .8600 ^4 
= 0 
-.084 ^ 1 
- .450 






- 1 .000 
^2 + 1.00 ^3 
- 1 .000000 ^ 4 < 0 
2 .000 
^1 + 3 .600 ^2 + 8.00 ^3 
+ 6 .15000 
^4 
= z 
The solution of this program is presented in Table 31. However 
the values of soyoil are not shown in the table because they 
are very small. 
Table 31. Optimal broiler rations 
quadratic program 






















1 30 7.0474 1.9233 1.4604 10.4311 1.7548 3.3119 
2 29 6.8663 1.8241 1.4147 10.1051 1.6856 3.2449 
3 28 6.6852 1.7249 1.3691 9.7792 1.6165 3.1752 
4 27 6.5041 1.6257 1.3235 9.4533 1.5473 3.1026 
5 26 6.3231 1.5264 1.2778 9 .1273 1.4782 3.0273 
6 25 6.1420 1.4272 1.2322 8.8014 1.4090 2.9493 
7 24 5.9609 1.3280 1.1866 8.4755 1.3399 2.8684 
8 23 5.7798 1.2288 1.1409 8.1495 1.2707 2.7848 
9 22 5.5947 1.1322 1.0951 7.8220 1.2024 2.6984 
10 21 5.3404 1.0807 1.0453 7.4664 1.1477 2.6090 
11 20 5.0861 1.0292 0.9955 7.1108 1,0931 2.5164 
12 19 4.8318 .9778 0.9458 6.7554 1.0384 2.4207 
13 18 4.5775 .9263 0.8960 6.3998 .9837 2.3218 
14 17 4.3232 . 8749 0.8462 6.0443 .9291 2.2198 
15 16 4.0689 .8234 .7964 5.6887 .8744 2.1145 
16 15 3.8146 .7719 .7466 5.3331 .91979 2.0061 
